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DFEGD H�IKJ�L5MFMONQPSR�T�U<VSWYX[Z�\�J9]F\�J^E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_EaDcb
DFEdb H�IKJ9IG]F\Q\�IGJfe MOgih9\_H�IK]O\�J9jkgih5Mlenmo\�J E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_EaDcp
DFErq stMlJ9J

α u;v \�IKJf\�NwM v j β IKj[mxE`E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_EaDcy
C z �$#

<k {o| #<!$4f&c�$}��~45'*��B C5�
b<EGD H�IKJ9\��Y�FN���Ml�fe�� E_E`E_E�E`E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E�bO�
b<Edb H�IKJ9\��Y�FN�����\��fIKJ9]F�fJ9]�E_E�E`E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E�bO�
b<Erq ��IK\

<k

X��w\ v M3moIK�OJ�MO�fe"� E�E`E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E�bFb
b<E�� H�IKJfe MOgihf\`H�IG]F\�J9jkgih5Mlenm�\�J�E�E`E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E�bOq
b<Edp ��J9jk\�Nk\��Y� vKv MO�9IK\�N��9Jf]Fjke$�9J u m�IK�FJf\�J�E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E�bO�
b<Er� ��IK\ u � vKv MO�9IG\�N��9MON�\��w\ v MlmoIG�FJ E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E�bFy
b<Edy ���FJ7m�\
�%mo\�E_E`E_E_E`E_E`E_E�E`E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E�bO�
b<Er� s�\�IGm�\�N�\_H�IK]O\�J9jkgih5Mlenmo\�J E�E`E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E�qF�
b<Er� ��IK\
e$\�N v IK\�]F\�J9�f\�H�IG]F\�Jfj�gih5Mlenm�\�J�E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E�qfD
b<EGD �¡H�IKJ9IG]F\ v MlJ9]FjoMl��¢£MOgih9j�\�J9�9\�¤S�fJ u moIK�OJ9\�J E`E�E_E`E_E`E_E_E`E_E`E�E_E�q7y

¥ ���-���$)�#�B`8�#;}S03� #%�¡�n&(#;03� #;0(&(#;0¦�-��2"'*§¨&c�n©�#;0 z #7ª«���n&c� }��*#%� ¥S¬
qfEGD ��IK\_%L9NoMOgihf\

L
E_E`E_E`E_E�E`E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E�qF�

qfEdb ��IK\_%L9NoMOgihf\
LID

E`E_E`E_E�E`E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E®�7�
qfErq H�IKJ�¯�\�N v \�IGm��9J9]Fj u M vKu;°9v IG��±³²"´¶µ?X[;moI v E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E®�7�
qfE�� ��IK\���hf\��FNkIK\

PA
E`E_E`E_E�E`E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E®�9D

qfEdp ��IK\���hf\��FNkIK\
GIDp
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GIDp

ÀSC
y<EGD sÇIK\��9\�Nkj�\�hf\�JÈ�¦IGm��9\�JÈÉQN��9IGJ5M vKÊ MOh v \�JËE_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E��7b
y<Edb stMlh9N�h9\�IGmwE_E`E_E_E`E_E`E_E�E`E_E_E`E_E`E_E_E`E�E_E`E_E`E_E_E`E_E`E�E_E��7p
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* J¦�9\�N,+£\
¢£\�IKj[moh9\��FN�IG\�IKJ7mo\�N�\�jkj�IG\�N�\�J¦¢wIGN��9J9j«e ° N��fIK\Y%m.-ON u \�� Mlm�h9\��¸Mlm�IKj�gihf\�N0/w�fIG�lX
�¦\�J9j21<j[mo\��¸\lE£H�IKJ �43F] v IGgih9\�j¸ZÈM�5 IGjkm¦�5MOj1stMlgih9jkm��9�¸j26F\�N�h5M v mo\�J/�9\�N87k\�¢³\�I v IK]O\�J
Π0

2

X�P�R*T«U%V�WYX ¤5�9J u moIG�FJ9\�J:9iE * J¡�9\�N46F�FN v IG\�]F\�J9�9\�J;/�N���\�I m �fJ;m�\�Nkj��9gih9\�J/¢wIKN �fJ;m�\�N
�9IG\�j�\�� /�j�L�\ u m��9IG\ ��h9\��FN�IG\�J

PA < ID1 < ID2
E�E�E�=�+£\�N�\�IGmoj D(�F�7yÁgih5MON�M u mo\�NkIKjkIK\�N[mo\

> ´nU@?BA*´nV�CEDGFIHKJ�J"T�U@LNM q�O«�fIK\���\�¢³\�IGj��5MON�X Nk\ u �9N�jkIP6O\�J ¤S�fJ u moIK�OJ9\�JBQR6O�FJ
IDn

�¸I m
\�IGJ9\�N`j�gih9Jf\ vKv ¢�Mlgih9j�\�J9�9\�J~¯�IG\�N�MON�gih9IG\TS < �9IG\ ° ��\�N`]F\�¢wIGj�jk\¿¯�Ml�9Lfm�e$� v ]F\�J��9\
U5J9IK\�Nkm
¢w�9Nk�9\OE?���9Nkgih�V�\�N�-OJ9�9\�N��9J9] �9IK\�j�\�N�¯�Ml�9Lfm�e$� v ]F\�J �9Jf�È�9�9NkgihN/�JfL5MOj�jk�9J9]¿�f\�j8+³\
X
¢³\�IKjk\�jW6F�FJXDYF�HKJIJ�T«UZL�\�N�h9IG\ v m`±�T0[\J�´P]S²I[^F`_aA½²"´YM�b^OwD(�F�<D \�IKJf\cb£h9MONoM u m�\�N�IGj�IG\
X
N��fJ9]¸�fIK\�jk\�NY¤5�9J u moIG�FJ9\�J��f�9N�gih \�IKJf\ v MOJ9]OjoMO� ¢�MOgihfj�\�Jf�9\�¯YIK\�N�MON�gihfIK\OE
* � dFMOh9Nk\ÁD(�F�F� L9N�-Oj�\�J7moIK\�Nkmc_ae�CfA*V5²f[ > V�´nV�A*WQ²IeIegM D(�^Ow\�IKJ9\�J9\��9\ÈZ \�m�h9�<�f\ <�9� j�gih9Jf\ vKv ¢�MOgihfj�\�Jf�9\Y¤S�fJ u moIK�OJ9\�Jfe$� v ]F\�J Ê � �9\
U5J9IG\�N�\�JihjdO\��9\wÉQN��fIKJ5M vGÊ MOh v α < ε0IK�f\�J7moIkU Ê IG\�N�\�JÈ¢wIKN��¸I mY�9\�N Ê �9]F\�hB3FN�IG]F\�Jml�²Ie*µ*T0A?X����ON��¸M v e$�FNk� Ê �9NR+�Mlj�IKj

ω
E¨��IK\

���ON��
N : ε0 → ω Ê -lh v \Q�fIK\�/��fenmoNk\�m�\�J��9\�jYn¨\�IKgih9\�J9j

ω
IKJ
α

E5<\�I¨e$\�NkJ9\�N
Φ:ω → ω\�IGJ9\oV MONkI¶MOJ7mo\��f\�Np_qH½R«V�A*WQ²fe�e¨X�¤5�9J u moIG�FJ �¦IGm�]O\�¢wIKjkj�\�J¡H�IK]F\�J9j�gih9Mlenmo\�J�E��QMOJ9J

�9\
U5J9IK\�N�\�J ¢wIKN�e ° N
α, β < ε0

�fJ9�
n < ω

α<n β :⇐⇒ α < β & no(α) ≤ Φ(no(β) + n).

��IG\�j�\ �w\ v M3moIK�OJ MOL9L9Nk�(�<IG�¸IG\�Nkm1�fIK\�h9\�N u 3F�¦� v IKgihf\��Y\ v Mlm�IK�FJ
<

MO�fe
ε0 < ¢³\�I v α <

r2s�t2u
L

t2uwv\txs�y\z|{
}|~^t,��t2z��:z��T��u���{���t2v^���T�
uw���\v^�
Ax

t�u�v^tx�Rt2v^�
t��
�Tv
L � s������2t2vZ�\��uwv\tx�\�^v\����uw�
v

f
~\t2uw�������Z�Z���\� � �^�\v\����uw�
va�2�^zx�\�Tz� #t2�

∀~x∃y Φ(~x, y) ¡Z¢ {��w�w£ Φ
t2uwv\t

L � �^�
z� #t2���T~\v\t���z|�
�\u ���{��|£��T�
v^£���{
vT��t2vou¤£ �G�^v^��uw ¥s���{�v��\{�z|�� #����t2�w� ¢§¦ z8{��w��t
~n

��uwtW�^�
z� ¨t��
Φ(~n, f(~n))

�
uw�©���«ªIu�t
Π0

2 �
���Z�Z���\� � �^�\v\����uw�
v\t�v¬�T�
v

Ax
£�u�v^�a��uwtR�)�@�Z���\� � �\�^v\����uw�
v\t�v¬���a�^�
z� #t2�wv

∀~x∃y Φ(~x, y) #u©����^{
v����
z�t2v ¢ z�t�u�t�  Φ(~x, y) ¡�¢§¦ z���uwt
Ax |= ∀~x∃y Φ(~x, y)

�Tu���� ¡ �Tt2z��
�wt2u¤}|~\t¨® ¯�°��
±�² ��³Z´@� �%µ z�u©��~\ #t¶��u��·� ¦ z���t2va¸Kuwzx #u©�

PA
{�¹ ¡Z¢§¦ z n > 0

��u�tYºi~\t2�Tz�uwt2v»��t�z
n �P¢ {T}|~au©��t2z�u�t�z���t2v

uwv^���\����uw�
t�vRª�t2¼^v\u���uw�
v\t�v� #u��
IDn

�
½ s�t2u:º¿¾À�T�^�\´Á�^Â#Ã��
z� À{�� ¢ �
z� ¨y^z��T��u���{�������uwv\tÀy^{�z���uwt2�w�Äz�t2���\z|£�uw�
t#�\�\v^�T��u��Tv

f
 #u©��ÅI����t

e
uw£��

�
t�v^{��Æ�^{�v\vÆt�u�v^tW¹)t2¸Çt2u¤£�¹^{
z � z�t2���\z|£�uw�
t8�\�\v^�T��u��TvÆt2uwv\t�£ µ�È uw�
 #t�v^£�É�£���t� #£
Ax ¡«¢ {��w�¤£ Ax |=

∀~x∃y
º

(e, ~x, y)
�Tu������ µ v^£���{����Ê£��
�¤}|~\tÄ�\�^v\����uw�
v\t�v,�2��¹)t¶��z�{T}|~T��t2v ¡ �\v���t2z|£��^}|~��Á #{
v,{��w���Tt2 #t2uwv\t�z

��uwt
Π0

2 � �)�Z�@�T�^� � �\�\v\����u��Tv\t2vÁ� µ �^£i��t�z����Z�Z���\� � �^�\v\����uw�
vÀ���\zÇ�^�
z� #t2�
∀~x∃y

º
(e, ~x, y)

��{
v\v
��uwtI�^�\v\����uw�
v

f
u�v�y^z�uw #u©��u�� � z�t����^z�£�u��Tt2z�Ë·t2u¤£�t�¹)t2z�t�}|~\v\t2�«¸Çt2z|��t2vZ�TÌÇt2u)�
t�t2uw�
v\t2��t2zÇÅ�����uwt2z��\v\�

 À{�Í �Tz�u¤£�uwt2z��K£�uwt�{��^}|~8��uwt,�\�\v\����u��Tv
f
�

Î.ÏfÐ@Ñ�ÒZÒZ�Z��Ó#v^t2v\v��,£�uwt�Ô }¶�w�T£�t2�wÉ8z�t��w{���t��R���G��~\tÀ£�� � }2{
���wt��qÕ�³ZÖj×)Øp~\uwt2z|{�z|}|~�É|Ù ¡ £�u�t�~\t#s�t2u���t�Ú2ÛTÜ
uwv·® Ý.°Þ�





β ⇐⇒ ∃n α<n β
]OI v m�E5�QM¸MO�9j

α<n β
IK�¦�¦\�N

no(α) ≤ Φ(no(β) + n)
e$� v ]Om < IKj[m

e ° N
α < ε0

θαn := max{k ∈ ω : ∃α0, . . . , αk(αk <0 . . . <0 α0 = α + n+ 1)}
\�IGJ9\w¢£�Fh v �9\
U5J9IK\�Nkm�\Yjkgih9J9\ vKv ¢�MOgihfj�\�Jf�9\�¤5�9J u moIG�FJ�E;��IG\w�?\�j��FJ9�f\�N�\�J�H�IK]F\�J9j�gih9Mlenmo\�J
�9\�NÈ�w\ v MlmoIG�FJ

<n

\�N v \�IGgih7mo\�NkJË�9\�J +³\�¢³\�IKj < �5M)5 �9IK\ ¤5�9J u moIG�FJ9\�J
(θαn)α<ε0

�fIK\
��\�¢³\�IKjk�5MONYN�\ u �fN�j�Ik6F\�J ¤5�9J u moIG�FJ9\�JÆ6O�FJ

PA
�¸M\7k�FNkIKjkIK\�Nk\�J < 6F\�N�] v \�IKgihf\ M D(��O-E

* Jm-Oh9J v IKgih9\�NQs�\�IKj�\ v MOj�jk\�J j�IKgih v MlJ9]FjoMl�^¢£MOgih9j�\�J9�9\�¤5�9J u m�IK�FJf\�JÁ�9\TU9J9IK\�N�\�JÇh�%\�I
q

\�IKJf\�L9NkIK�¦IGmoIk6¿Nk\ u �9N�jkIP6O\ ¤5�9J u moIG�FJ�E��QMOJ9J»Jf\�J9J9\�J ¢wIKN
no(α) ≤ q(no(β), k)

�fIK\
���ON�����\��9IGJ9]F�9Jf]9E�¤ ° N¸ÉQN��fIKJ5M vGÊ MOh v \�J��9J7mo\�Nkh5M v � 6O�FJ

εΩ+1

� �9\TU5JfIK\�Nk\�J ¢wIKN \�IKJ9\
�w\ v M3moIK�OJ

<k < �9IK\�¢wIK\��9\�Nk�9� < ¢wIG\ Ê �Ê6F�ON
<n < �fIK\�]F\�¢�3Fh9J v IKgihf\��w\ v MlmoIG�FJ

<
MOL9LfN��lX

�<IK�¦IK\�Nkm�h
α<k β :⇐⇒ α < β & � /�J���\�j[moIK�¦��m�\�J�%m�\ vKv \�J�IK� +£\�¢³\�IGj

6F�OJ
α < β

]FI v m��9IG\��9\�Nf7k\
¢£\�I v IG]F\�J�;mo\ vGv \\�J7m�j�L9Nk\�gih9\�J9�9\ �Y�FN�����\��fIKJ9]F�fJ9]9E �
��IG\�j�\ � �?\�jkm�IK�¦��mo\�J�%mo\ vKv \�J��Qj�IGJ9��]F\�N�MO�9\�jk� ]F\�¢¨-Oh v m < �9M)5 Ê �9��\�IKJf\�J¿e ° NwMO� Ê -Oh v X�5MONk\ ÉQN��9IGJ5M vKÊ MOh v \�J α

�9J9�
β

�¸I m
α<k β

�9IG\ ���ON�����\��9IGJ9]F�9Jf]t]FI v m < �9J9� Ê �9�
MOJ9�f\�N�\�J

α < Ω ≤ β =⇒ α<k β
NkIKgih7moIG] IKjkm�E5¤5\�NkJ9\�Nwj�\�I

Gnα := max{k ∈ ω : ∃α0, . . . , αk(αk <n . . . <n α0 = α)}.
/��<e£�9IG\�jk\�s�\�IKj�\ h9Mlm`±�T0[\J"´P]S²I[\F _aA½²�´�IKJ /�J v \�h9J;�9J9]�MOJ DYF�HKJIJ�T«UZL��Ç/�Nkm�I u \ vM �)OS�9J9� > VS´nV�A*WQ²fe�e�[Y/�N[moI u \ v M ��O v MOJ9]Fj�MO� ¢£MOgih9j�\�J9�9\�¤S�fJ u moIK�OJ9\�J¦�9\TU9J9IK\�Nkm�h%%\�I
η0

�fIK\���T
	Q²IA�C�X[ÉQN��fIKJ5M vGÊ MOh v�� E * J`M D�O Ê \�IG]Om�\�N < �5M)5 �9IG\¿¤5�9J u m�IK�FJ9\�J
(Gnα)α<η0�9IG\���\�¢³\�IGj��5MON£N�\ u �9Nkj�Ik6F\�J�¤5�9J u m�IK�FJf\�J 6O�FJ

PA
�9J9��MO�Ê5F\�Nk�9\�� �9IG\��9\�N�¤5NoMl]F�¸\�J7mo\

IΣ2, IΣ3 . . .
gih5MON�M u mo\�N�IKjkIK\�N�\�J¨E

��IG\�j�\�� /�J9joMlm Ê e$� v ]O\�J9���f\TU5J9IG\�Nk\�J�¢wIKN�IKJ��9IG\�jk\�N���IGL v �O� MONk�?\�IGm v MlJ9]FjoMl��¢£MOgih9jk\�J<X
�9\1¤5�9J u m�IK�FJ9\�J < �fIK\��9IG\���\�¢³\�IKjk�5MON�X N�\ u �9N�jkIP6F\�J�¤5�9J u m�IK�FJf\�JN6F�OJ

PA < ID1 < ID2
E�E�E

�¸M\7k�FN�IGj�IG\�N�\�J�E

 ������������������������ 

sÇIKNwJ9\�J9J9\�J �9IK\���h9\��FN�IG\�J
PA, ID1, ID2 . . .

IG��e$� v ]F\�J9�f\�J
GID1,GID2,GID3 . . .

%\�I
p > 0

EZn¨�fJÄ-Ogih9j[m��9\
U5J9IK\�N�\�J¸¢wIKN�e ° N
0 ≤ v ≤ p

mo�OmoM v \Y¤5�9J u m�IK�FJ9\�J
ϑv

MO�fe
On

E%��IK\
v
X m�\ ° ��\�N�MO� Ê -Oh v �9MON�\��_MlN��9IGJ5M vKÊ MOh v ��\ Ê \�IGgih9J9\�J ¢wIGN��¦IGm

Ωv

E�������\�I��9\�NQ<gih9J9I mkX
mo\ v IG�¸IGJ5MlmoIG�FJ¦�9\�JÆ/�Nk�?\�IGm�\�J�6F�FJ DYF�HKJIJ�T«UZL�M�q�O��9J9��_aA½²"´xM�b^O�e$� v ]F\�J Ê � u 3FJ9Jf\�J <�9\
U5J9IK\�N�\�J ¢wIKN�\�IKJ���\�N��¦j�1%j[mo\�� < �5MOjw�9\�� �9�FN[m�6F\�N[¢£\�J9�9\
mo\�JÈj�\�hfN�-OhfJ v IGgih�IGjkm�h
! s�t2u

Ω
��uwt0t2z|£ ��t ¦ ¹�t�z�{
¹\���
~\��¹�{�z�t�"Iz|��uwv^{��w��{
~\�P��ªf{�v\v8u¤£ �

εΩ+1

��uwt
(Ω + 1) � £���t0��y^£�uw���Tv\��{
~\�P�

# ª�uwtxÕ¨�%$i³@Öj× � "Iz���uwv^{
����{�~\�)uw£�����uwt�¹�t�¸«t�uw£���~^t2�
z�t¶��uw£�}|~\t�"Iz��\u�v^{
����{�~\���T�
v
ID1

�





· 0 ∈
�

· γ =NF ξ + η & ξ, η ∈
�

=⇒ γ ∈
�

· σ ∈
�

& 0 ≤ v ≤ p =⇒ ϑvσ ∈
�

�QMO��\�If�?\��9\��fm�\
γ =NF ξ+η < �5M)5

γ = ξ+η
IKjkm��9J9�1�5M)5 Ê �9j.-3m Ê�v IKgih9\#+£\��9IGJ9]F�9Jf]F\�J

e ° N
ξ

�9J9�
η

]F\ v mo\�J�E5<gihfN.-OJ u \�J�¢wIKN
ϑv

Ml�fe*�Ç\�IKJ < j�� \�N�h5M v mo\�J¿¢wIKN£��� vGv MO�9IG\�Nk�9J9]Fj�X
e$�9J u m�IK�FJ9\�J

ϑv:
�
→ [Ωv,Ωv+1[

E5�Y� j�LB-lmo\�N�\�IKJ�jkgihÄ-ON[e$\�N�\�j�H�Nk]F\��9JfIKj Ê ��\�N�h5M v mo\�J <�9\
U5J9IK\�N�\�J ¢wIKN��¦IGm£�9IK\�j�\�J ¤5�9J u moIG�FJ9\�J�e ° N
v ≤ p

�9�9Nkgih

Dp+1σ := σ
�fJ9�

Dvσ := ϑvDv+1σ

��� vKv Ml�9IK\�N��9J9]Ojke$�9J u m�IK�FJ9\�J

Dv:
�
→ [Ωv,Ωv+1[,

e ° Nw�9IG\�IK� ¤SM vGv \ p > 1
e ° N

γ ≥ Ωp

D0γ < ϑ0γ

]FI v m E9�QMOJ9J �f\TU5J9IG\�Nk\�J ¢wIGN�jk� < ¢wIK\�¢wIKNw\�j��F��\�J MlJ9�9\��<mo\�m�\�J < \�IGJ9\_J9IKgih7mkX moN�MOJ9j�I moIk6F\
�w\ v M3moIK�OJ

<k ⊆
�
×

� �¸I m�e$� v ]O\�J9�9\�J�H�IG]F\�Jfj�gih5Mlenm�\�Jih

· α<k β < Ω1 =⇒ no(α) < q(no(β), k)

· γ <k Ωu+1 ⇐⇒ γ < Ωu+1

sÇIKN�\�N�h5M v mo\�J�¢wIK\��f\�N��f��\�IKJf\�¯�IK\�NoMONkgih9IK\86O�FJ ¤S�fJ u moIK�OJ9\�Jih

Gkα := max{n ∈ ω : ∃α0, . . . , αn(αn<k . . . <k α0 = α)}

�QMO�¦IGm u 3FJ9Jf\�J ¢wIGN��5MOjw��h9\��FN�\�� e$�FN���� v IK\�N�\�J < �5MljY��\�¢wIG\�jk\�J�¢wIKN��Çh
B�8*#;}S03#%A �����������

Π0
2 	 ��
��� ∀x∃yΦ(x, y)

���
GIDp � ��������������
������
������������� !�"��
� 	�#
�$� &%'�������)(

* M,+
∃l∀m> l∃n<G0(D0(D

m
p (Dm

p 0 + ι) + 1)) Φ(m,n)

* ��+
∃l∀m∃n<Gm(D0(D

l
p(D

l
p0 + ι) + 1)) Φ(m,n)

�QMO��\�I j�\�I
ι = Ωp + . . . + Ω1

E�+£\
6F�FN_¢wIKN_�9\�J¿+£\�¢³\�IGj�j u I Ê�Ê IK\�Nk\�J < \�N[¢£\�IGm�\�N�J ¢wIKN
�9J9jk\�Nk\¬/�L9L5MON�Mlmo�9NThS���9Nkgih

α�k β :⇐⇒ α<k β & ∀l < p(AHlα≤k AHlβ)
& no(α) < q(no(β), k)





\�Nkh5M v mo\�J¦¢wIKN��9IG\��w\ v MlmoIG�FJ < \�J7m v MOJ9]��f\�N�\�N ¢wIGN�IKJ¦�9J9j�\�N�\�� IGJ /�J v \�h9J;�9J9]�MOJ�M�b^O Ê ��9\
U5J9IK\�N�\�J9�9\�J IKJÊU9J9IGm.-ON�\�JÈÁ1<j[mo\��
GID

∞

p

j�gih v IK\T5F\�J�¢³� vKv \�J�ES%gih9N�\�IK��\�J ¢wIGN

k|α
r
Γ,

j���]FIK�fm \�j£IKJ¸�9J9jk\�N�\���IGJÊU5J9I m�-ONk\�J Z1%jkm�\�� e ° N³�fIK\Y\�J9� v IKgih9\�¤5�FN��¦\ v �¸\�J9]F\
Γ

\�IGJ9\�J
+£\
¢£\�IKj��9MO�9� < �9\�N£J9IKgih7m�m�IK\�e$\�N�M v j α IKjkm < �9\�j�jk\�J n?¢£\�IK]F\�\�J7m v MOJ9]��9\�N��w\ v M3moIK�OJ

�k6F\�N v MO�fe$\�J �9J9� IKJÁ�9\���J;�9N_¤5�FN��¦\ v J < �9\�N�\�J���-OJ9]O\ u;° N Ê \�N`M v j r IGjkm < ]F\�jkgih9J9IGmkmo\�J
¢³\�N��f\�J�E
sÇIKN�¢³\�Nk�9\�J IGJ��9J9j�\�N�\�J»��M vKu;°9v �9IG\ *

Ωu+1
+ X �Y\�]F\ v 6O\�Nk¢³\�Jf�9\�J�E�<IK\�¢wIGN����¸I m��"\�N[X

�¦\�J
f [∗]

e$�FN���� v IK\�Nkm < �9IK\`�¸I m�\�IKJ9\�N�e$N�\�IK\�JÁ%mo\ vKv \ ∗ < \�IGJ9\��^���FJ7m�\
�%m < MO�9j�]O\�N ° jkmo\
m
j�IGJ9��ES��IG\�jk\_��\�Nk�¸\�¢³\�Nk�9\�J j��¦�9\TU5JfIK\�N[m < �5M�5¦�fJ;m�\�NYMOJ9�f\�N�\��

α ∈
�

=⇒ f [α] ∈
�

]FI v m E��Y� �fIK\ %gih9J9IGmkmo\ v IK�¦IKJ9MlmoIG�FJ�e ° N
GID

∞

p

�9�9Nkgihfe ° h9Nk\�J Ê � u 3FJ9J9\�J <¨Ê \�IK]O\�J ¢wIKN <�5M)5
�k

e$� v ]F\�Jf�9\�H�IK]F\�J9j�gih5M3enmo\�J h5Mlm�h

· γ 6= 0 =⇒ 0�k γ

· α�k β =⇒ γ#α�k γ#β

· α�k β =⇒ Duα�k Duβ

· α�k β =⇒ f [α]�k f [β]

<L�\ Ê IK\ vGv e ° N��9\�J * b£�fm�+ X[<gih v �B5_IK� +£\�¢³\�IGj �f\�j H v IK�¦IKJ9MlmoIG�FJ9j v \��¦� Mlj½�9NoMO�fgih9\�J¦¢wIKN

α0 �k α =⇒ Dpα0#Dpα0 �k Dpα,

e ° Nw�9\�J *
Ωu+1

+ X�¤SM vGv �9\�jY��� vGv MO�9IG\�Nk�9J9]Fj v \��¦�¸MOj

v ≤ u =⇒ Dvf [Duf [0]]�kDvf [Ωu+1].

��\�N�+£\�¢³\�IGj �9\�N v \�m Ê mo\�J/H�IK]F\�J9j�gih5M3enm¿\�N[e$�FN��f\�Nkm 6%IK\ v /�Nk�?\�IGm�E£%IK\�\�J7mojkL9N�IGgih;m¿�9\�N
e$� v ]F\�J9�f\�JX/��fj�joMl]F\��?\�I��9\�N ��J7mo\�N�jk�9gih;�9J9]m6O�FJ �"\�I v j�1%jkm�\��¦\�J �9\�Na/�J5M v 1%j�IGj��¸I m
+�MON�X * J9�f� u moIK�OJ < j�IG\�h9\`<\�IGm�\�b%D_IGJ M��\O�h

l�T0A?T«U<U;²IAÁ]�������� * e
f

IKj�M¸e$�fJ9�5MO�¦\�J7moM v e$�9Jfg�moIG�FJÈ¢wI moh
Ωτ+1 ∈

�9�F�
(f) <m�h9\�J

f(ψτ(f(0))) C f(Ωτ+1)
E

�QM �9Jfj�\�Nk\��w\ v M3moIK�OJ
�k

IK�
	�\�]F\�J9joMlm Ê¿Ê � C
J9IGgih7m�moN�MOJ9jkIGmoIk6ÁIKj[m < �?\
¢£\�IKj�\�Jt¢wIKN

�9IG\�jw\�m ¢£MOj�MOJ9�9\�N�j�E





���� ������

	�N���5F\�NY�QMOJ u ]F\�� ° h9N[mQ¯Y�<gih9jkgih;� v �9� Ê \�J7m���N�E:_ae�CfA*V5²f[ > VS´nV�A*WQ²fe�e < ��\�I*�9\��
IKgih»�fIK\�jk\a/�Nk�?\�IGm�j�gih9NkIK\�� < �9\�NQ�¸IGN��fIK\�jk\�j�IGJ;m�\�Nk\�j�j�MOJ7mo\ �9Jf�ÁM u mo�9\ vKv \`��h9\��¸M 6O�FN[X
j�gih v �9]¿�fJ9� �9\�NQ�¸IGN��?\�IK� +£\�MON���\�I mo\�J»7k\��9\�N Ê \�IGm��¸I mY]FN���5O\�������\�Nk� v IGg u �9J9�»�YMlm
�9J9�Á�"Mlm�h5M v e < ��N�EID�V�e
	�²"W�´%e DYU%²Ie"R�V:A%µ�L < �f\�N��¦IKNY\���\�Jfe M vGv jQIG�¸�¦\�NY]F\��9� v �fIK]
Ê �fhB3FNkm�\`�fJ9�È�9�fN�gih �9\�j�jk\�J»H�N u;v -ON��9Jf]F\�J IKgihÆ6<IG\ v \�jw�?\�j�jk\�NY6O\�NkjkmiMlJ9�9\�JÈh5MO��\ < �9\�J
¯�\�N�Nk\�J���Nk�Oe$\�jkj��FNk\�J¡��N�E > T«UZ?BA½²"W��TfJ"U%V�A�[��9J9�~��N�E��@F�[(µ�FI[���´nU%U<V�A < ��\�I
�9\�J9\�J IKgih IKJÁ�?\�]F\�IGjkm�\�N�Jf�9\�J V��FN v \�jk�9J9]F\�J �9Jf��j�L9MOJ9J9\�J9�9\�Jt<\��¦IKJ9MON�\�J 6%IG\ v �¸M3X
mohf\��¸MlmoIGj�gih9\ �½�F]FI u v \�NkJ;m�\��fJ9� �9\�N�\�J¿�9J u �F�¸L v I Ê IK\�Nkmo\�/�Nkm³IKgih¦j�\�hfN£j�gihB-lm Ê \ <�� e���T
� V����SV�A < �9\�N£�¦IKN �¸I m£�fJ Ê -Oh v IK]O\�J ��IGL9j£�fJ9���"NkIKg u j��9\�J����¦]7MOJ9]`�¸I m ����� H�� jk\�h9N
\�N v \�IKgih7mo\�Nkmo\ < M vGv \�J < �9IK\`MO� * J9j[moIGm��fm�e ° N��¸Mlmoh9\�� M3moIKjkgih9\ �*�O]FI u �fJ9� 	�Nk�9J9� v MO]F\�J<X
e$�FNkj�gih;�9J9]¸�9\�N�s \�j[m�e�- v IKj�gihf\�J�sÇI v h9\ v �¸j�X���JfIP6F\�N�jkIGm�-3m£IGJ�Z ° J9j[mo\�N�MONk�?\�IGmo\�J��9J9��\�j
Ê � �9\�� �¸MOgih9\�J < ¢£MOj�\�j£IKj[m < �9J9� J9IKgih7m Ê � v \�m Ê m��¦\�IGJ9\�J H v mo\�N�J�� ²IA*´¶²fe�e�V ��²IA! 
W�VSU<´%e
���fJ9�#"�A½²IeIL ��²fA*W�VSU<´%e
� < �9IG\��¸IGN��5MOj �½\���\�J��fJ9��;mo�9�9IG\�Nk\�J�IGJ`Z ° J9j[mo\�N
�43F] v IGgih�� Mlgih9\�J�E

$ �
�&% �('�� �
�*)  ��

* gih¬6O\�Nkj�IKgihf\�N�\ < �9M)5�IGgih`�fIK\�/�Nk�?\�IGm�j�\ v �9j[m�-OJf�9IK]À6F\�Nke M)5lm"�fJ9� u \�IKJf\³MlJ9�9\�Nk\�J,+��f\ vKv \�JM v j��9IK\�MOJf]F\�]F\��?\�J9\�J �?\�J;�fm Ê m�h5Ml�?\lE
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n¨�9JÄ-lgih9jkmw��\�jkgih9N�\�IK��\�J�¢wIKN³�9IK\QÉ�Nk�9IKJ9M vKÊ MOh v \�J < �9IK\Y¢wIKN e ° N��9IG\�ZÈM\7k�ON�IKjkIK\�N��9J9]��9\�N
��\�¢³\�IKjk�5MON�X N�\ u �9N�jkIP6F\�J»¤5�9J u moIG�FJ9\�JÆ6O�FJ

IDn

��\�J;�fm Ê \�J�¢£\�N��9\�J�E
sÇIKN1��\TU5Jf�9\�J¡�fJ9j¸IGJ

ZFC
E
On

IKj[m¸�fIK\�� v MOjkj�\��9\�N ÉQN��9IGJ5M vGÊ MOh v \�J <�u%v \�IGJ9\�]FN�IG\
X
gih9IGj�gih9\�+£�9gihfjkmiMl�?\�J ¢wIG\¿\�m ¢£M

α < β < γ < δ < η < ξ < σ ��\ Ê \�IKgih9Jf\�J �9IKj�MO�few¢£\�IGm�\�N�\�j
ÉQN��9IGJ5M vGÊ MOh v \�J�EFZ IGm

α < β
�¦\�IGJ9\�J�¢wIGN

α ∈ β < ¢³�F�?\�I5j�IGgih¸�9IG\ Ê �f]F\�hB3ON�IK]O\�J»V MON�IKM3X
moIG�FJ9\�J

> < ≤ �9J9�
≥

h9IK\�NoMO�9j v \�IKgih7m�MO� v \�I mo\�J�E * JÈ�9IK\�j�\�� ��MOL9IGm�\ v ¢³� vKv \�JÈ¢wIGN,7k\��f\
ÉQN��9IGJ5M vGÊ MOh v α �¸I m��9\�N�Z�\�J9]F\_IKhfN�\�N#V��ON�]j-OJf]F\�N�IG�9\�J7moIkU Ê IG\�Nk\�Jih

α = {γ : γ < α}

ξ+η
�9J9�

ωα j�\�IG\�J1¢wIK\ ° � v IKgih �f\TU5J9IG\�N[m E
AH

IGjkm��9IG\w� v MOj�jk\��9\�N MO�f�9IGm�IP6O\�J¦¯�MO�fLfmkX
Ê Mlh v \�Jih

AH = {γ > 0 : ∀ξ, η <γ(ξ + η < γ)} = {ωα : α ∈ On}
��� �9MOjW+£\ Ê \�IKgihfJ%�fJ9]Fj�j21%jkmo\�� \ v \�]FMOJ7m_e$�ON���� v IK\�N�\�J Ê � u 3FJ9J9\�J < IKjkm��fJ9j_e$� v ]F\�J9�9\
���ON��¸M v e$�FNk� 6O�FJ ���fm Ê \�JÇh

γ =NF ξ + η :⇐⇒ γ = ξ + η & ∃α(ξ = ωα & 0 < η < ωα+1)
H�j�]OI v m£�5MOJ9JÇh

0 < γ /∈ AH ⇐⇒ ∃ξ, η(γ =NF ξ + η)
�QMO��\�I j�IGJ9�

ξ
�9J9�

η
\�IKJf�9\��fm�IK] �9�9N�gih

γ
�?\�jkmoIG�¸�`m E�Z I m

p < u < v < k < l < m �9Jf�
n��\ Ê \�IKgih9Jf\�J~¢wIGN�J5Mlm ° N v IKgih9\�n�MOh v \�J < \�IKJ9jkgih v IG\�5 v IKgiht�f\�N1��� vKv E ℵ0

j�\�I��fIK\ u;v \�IKJ9j[mo\
�9J9\�J9� v IKgih9\��9J9�

ℵv

�9IG\
v
X mo\ ° ��\�N�MO� Ê -Oh v �9MON�\���MONk�9IKJ5M vKÊ Mlh v E<¤5\�N�Jf\�Nwj�\�I

Ωv :=

{
1

e ° N
v = 0

ℵv

e ° N
v > 0.

���� � �� �� � �����������������! �� ���� 

n¨�/]F\�]F\���\�J9\��
p

�f\TU5J9IG\�Nk\�J¡¢wIKN¸e ° N
v ≤ p

�9�9N�gihÇjkIK��� v miMOJf\ �w\ u �9N�jkIK�FJ/J9MOgih
α

Z \�J9]F\�J
Cv(α, β)

6F�OJaÉQN��fIKJ5M vGÊ MOh v \�J��fJ9��mo�OmoM v \ �Y� vKv MO�9IG\�N��fJ9]Fjke$�fJ u moIK�OJ9\�J
ϑv:On→ On

E�sÇIGN��?\�]FIKJ9Jf\�J��¦IGm
v = p

�9Jf�t]F\�hf\�Jt�5MlJ9J�h9IGJ;�9J7mo\�N`�9IKj
v = 0

E
ÉQ�7¢£�Fh v �9\�N«¤�M vKv p = 0

�9\�N�e$� v ]F\�J9�f\�J ��\
U5J9I moIK�OJ u \�IKJ9\ ��N��O� v \��¸\³�?\�N�\�I mo\
m < ¢£� vGv \�J¢wIKN��fIK\�jk\�J�IK� ¯�IKJ;� v IKg u MO�fe"j�LÄ-lm�\�Nk\���MOL9I mo\ v MO�9jkj�gih v IK\T5F\�J�E





z #7ª«���$&(� }�� ,�� , <\�I
v ≤ p

E
*
C1

+
γ ∈ (β ∪ Ωv) ∩ Ωv+1 =⇒ γ ∈ Cv(α, β)

*
C2

+
γ =NF ξ + η & ξ, η ∈ Cv(α, β) =⇒ γ ∈ Cv(α, β)

*
C3

+
σ ∈ Cv(α, β) ∩ α =⇒ ϑv(σ) ∈ Cv(α, β)

*
C4

+
σ ∈ Cv(α, β) & v < u ≤ p =⇒ ϑu(σ) ∈ Cv(α, β)

*
C5

+
ϑv(σ) :=

{
Ωv

e ° N
σ = 0

min{ξ : Cv(σ, ξ) ∩ Ωv+1 ⊆ ξ & σ ∈ Cv(σ, ξ)} ∪ {0}
e ° N

σ 6= 0

� v MO�fj�\ v *
C1

+_jkmo\ vKv m�MOJ
γ

�9IG\ Ê �9j.-lm Ê�v IKgih9\�¤5�FNk�9\�Nk�9J9]
γ < Ωv+1 < �5M»MOJf�9\�NkJfe M vKv j�½\��¦� M�DFE�� * �"+wJ9IKgih7m��?\
¢£\�IKj��9MON�IGjkm < ¢wIK\_¢wIKNYIK� Ê �f]F\�hB3ON�IK]O\�JN+³\�¢³\�IKj�j�\�hf\�J»¢£\�N[X

�9\�J�E���IK\o+£\��9IGJ9]F�9Jf]
v < u ≤ p

]O\�¢¨-Oh9N v \�IGjkmo\
m < �9M)5»�¸I m � v Ml�9j�\ v (C4)
J;�9N IG�

¤SM vKv \ v < p
J9\��9\�ÉQN��9IGJ5M vGÊ MOh v \�J¿hfIKJ Ê �9]F\�Jf�F�¸�¦\�J�¢³\�Nk�9\�J¨E

v
j�\�I*Ml�¬7k\�m Ê mwIK�¦�¸\�N³\�IKJ9\�J5Mlm ° N v IGgih9\qn�MOh v ≤ p

E9��\�Nw� ° N Ê \�h9M v ��\�N�jkgih9N�\�IK��\�J�¢wIKN
ϑvσ

j[miMlmkm
ϑv(σ)

E�Z IGm
|M |

�¦\�IGJ9\�J ¢wIGNQ�9IK\ Z�-Ogih7moIG] u \�IGm��9\�N_Z \�Jf]F\
M

E½��\�jk¢³\�I X
mo\�N�\�JÈj�\�I

supMn :=
⋃

n

Mn.

��IG\�j��%\���\�JÈ�9\TU5JfIK\�N[mo\�JÁZ \�Jf]F\�J h9MO�?\�J j�gihÊ3FJ9\ H�IK]O\�J9jkgih5Mlenmo\�J < ¢wIK\_�5MOj�e$� v ]F\�J9�9\
<�9� v \��¦�¸M Ê \�IG]Om E
º�'�:"! #%AtA 4 ,��GC
* M,+

ξ < η =⇒ Cv(ξ, β) ⊆ Cv(η, β) & Cv(α, ξ) ⊆ Cv(α, η)

* ��+
β < Ωv+1 =⇒ |Cv(α, β)| < Ωv+1

* g +
Cv(α, sup γn) = supCv(α, γn)

� ��� �����
��IG\ �9Nk\�I¨/��9j�j�MO]F\�J v MOj�jk\�JtjkIKgih �9�fN�gih \�IGJfe MOgih9\ * J9�9� u m�IK�FJ9\�J J5MOgih �9\�� /��fe$�5MO�
6F�OJ

Cv

��\�¢³\�IGj�\�J�E
* J �9\�J +£\
¢£\�IKj �9\�j e$� v ]F\�J9�9\�J fMlm Ê \�j1]F\�h7m1�9IK\ �Y\�]F� v MlN�IGm.-lmW6F�FJ

ℵv+1
\�IKJ�E�H�IKJ9\

��MON��fIKJ5M vGÊ MOh v ℵα

hf\�I�5lmwN�\�]O� v -ON < e M vGv j
∀M ⊆ℵα(|M | < ℵα → ∃γ ∈ℵα(M ⊆ γ))

]FI v m E





��#<A�A�4 , �G¥
σ ∈ Cv(0,Ωv+1) =⇒ ϑvσ < Ωv+1

� ��� �����
���OJ9jkm�N��9IG\�N�\�J�¢wIGN�\�IGJ

γ < Ωv+1 < ¢£\ v gih9\�j��9IG\�H�IK]F\�J9j�gih5M3enm

Cv(σ, γ) ∩ Ωv+1 ⊆ γ & σ ∈ Cv(σ, γ)

��\�j�I m Ê m < j��¦]FI v m��¦IGm
(C5)

ϑvσ ≤ γ < Ωv+1.

n¨�1�9IK\�j�\��¥n?¢³\�g u \��9\TU9J9IK\�N�\�J ¢wIGN«�9J7mo\�N�h5M v �»6F�FJ
Ωv+1

\�IKJ9\w¤5� v ]F\
(γn)n∈ω

j�� < �5M)5

∀n(Cv(σ, γn) ∩ Ωv+1 ⊆ γn+1)

IKj[m E
/��fj

σ ∈ Cv(0,Ωv+1)
e$� v ]Om��¦IGm�<�9� v \��¦� M�DFErb * M#+

σ ∈ Cv(σ,Ωv+1)
Ej/ v jk�_\ �<IKjkm�IK\�Nkm

J5MOgih <�9� v \��¦� M¸DFEdb * g +�\�IKJ
γ0 < Ωv+1

�¸I m
σ ∈ Cv(σ, γ0)

E
<\�I

γn

j�gihf�FJ u �OJ9jkm�N��9IG\�Nkm�E£��M �9IG\ÈZ -Ogih7moIK] u \�I m 6O�FJ
Cv(σ, γn) u;v \�IKJ9\�N¦M v j ℵv+1IKj[m < 6F\�N�] v \�IGgih9\Q%�9� v \��¸�¸M DFErb * �"+ < ]FIK�fm�\�j�MO�<e$]FN��9Jf� �9\�N£�w\�]F� v MONkIGm�-3m�6F�FJ

ℵv+1
\�IKJ

γn+1 < Ωv+1
�¦IGm

Cv(σ, γn) ∩ Ωv+1 ⊆ γn+1
E

<\
m Ê \ γ := sup γn

E ��IK\È�Y\�]F� v MON�I m�-lm»6O�FJ
ℵv+1

IG�¸L v I Ê IK\�Nkm γ < Ωv+1
E,/��9j �9\�N

%m�\�moIG] u \�IGmwIG� Ê ¢³\�I mo\�J�/�Nk]F�9�¦\�J7mÀ6F�OJ
Cv

e$� v ]Om��¸I mY<�9� v \��¦� M¿DOEdb * g +�h
Cv(σ, γ) ∩ Ωv+1 = Cv(σ, sup γn) ∩ Ωv+1

= supCv(σ, γn) ∩ Ωv+1

⊆ sup γn+1

= γ

�QM
γ0 ≤ γ

IKjkm < ]FI v mY¢£\�]F\�J�<�9� v \��¦�¸M DFErb * M,+
σ ∈ Cv(σ, γ)

E½��MO�¸I mQ\�J;m�j�L9NkIKgih7m
γ�9J9jk\�Nk\�J s ° J9j�gih9\�J�E

sÇIKN��9\
U5J9IG\�N�\�JÆ7k\
m Ê m`\�IGJ9\¸Z \�Jf]F\¸� 6F�FJtÉ�Nk�9IKJ9M vKÊ MOh v \�J < �fIK\ ¢wIKN�e ° N��9J9jk\�Nk\ ��\
X
¢³\�IKj[moh9\��FN�\
moIGj�gih9\���J7mo\�N�j��fgih%�fJ9]¿��\�J;�fm Ê \�J�¢£\�N��9\�J�E
z #7ª«���$&(� }�� ,�� ·
*
T1
+

0 ∈
�

*
T2
+

γ =NF ξ + η & ξ, η ∈
�

=⇒ γ ∈
�

*
T3
+

σ ∈
�

& 0 ≤ v ≤ p =⇒ ϑvσ ∈
�





��IG\�j�\¦Z�\�J9]F\`¢£\�N��9\�JÁ¢wIGN�IG��e$� v ]F\�J9�9\�J MO�9gihÁ�"\�N��¦j�1%jkm�\��^J9\�J9Jf\�J < �9M¿M vKv \�H v \
X�¦\�J7mo\_MO�9jk]F\�hf\�J9��6F�FJ �9\�NY��� vKv �9�fN�gihÈ<�9�¦� Mlm�IK�FJ��fJ9� /�J7¢£\�J9�9�9J9]¸�9\�N
ϑv

\�IGJ<X
�9\��fmoIG]¸�5MlN�jkm�\ vGv �5MON£j�IKJf� < ¢wIK\�¢wIKN�jkLÄ-lm�\�jkm�\�J9j�J5MOgih �½\��¦� M¦b<E D�\�IKJf]F\�jk\�h9\�JÈh5MO��\�J
¢³\�N��f\�J�E
º¨4f&(6 ,��G¼

γ ∈
�

=⇒ γ ∈ Cv(0,Ωv+1)
� ��� ����� �9�9Nkgih * J9�f� u moIK�OJ J5Mlgih

γ ∈
�

H�j�jkIKJ9���9Nk\�I*¤0- vKv \ Ê ���9J7mo\�Nkj��9gihf\�Jih

· γ = 0s \�]F\�J
0 ∈ Ωv+1

h9MO�?\�J�¢wIKN
0 ∈ Cv(0,Ωv+1)

�¦IGmw� v MO�9j�\ v (C1)
E

· γ =NF ξ + η¯YIK\�N�e$� v ]Om��fIK\q+£\�h5MO�9Lfm��9J9]¦j��Oe$�ONkmw�¦IGm��9\�N * J9�9� u moIG�FJ9j26F�FN�MO�9j�jk\�m Ê �9J9]fE
· γ = ϑuσ��IG\�jwIKj[mw�9\�NwIGJ;m�\�Nk\�j�j�MOJ7mo\`¤SM vKv E

· u ≤ v��MOgih * Jf�9� u moIG�FJ9j�6O�FNoMl�9j�jk\�m Ê �9J9] e ° N
u

IKj[m
σ ∈ Cu(0,Ωu+1)

E,/ v j��e$� v ]Om1�¦IGm �½\��¸�¸M DFErq
ϑuσ < Ωu+1 ≤ Ωv+1

E³��MO�¸I m»6F\�N�h9I v enm¦�9J9j
� v MO�9jk\ v (C1) Ê � ϑuσ ∈ Cv(0,Ωv+1)

E
· u > v��IK\ * J9�9� u moIG�FJ9j26F�FN�MO�9j�jk\�m Ê �9J9]�e ° N

v v IK\
e$\�N[m σ ∈ Cv(0,Ωv+1)
E?��MOgih

� v MO�9jk\ v (C4)
]FI v m�j�gih v IK\T5 v IGgih ϑuσ ∈ Cv(0,Ωv+1)

E

¾¿}S0c}?! !$490 ,��GÀ
σ ∈

�
=⇒ Ωv ≤ ϑvσ < Ωv+1

� ��� �����
	�I v mQ�5MOjW/�J7mo\ Ê \��f\�J Ê �9\�j�fMlm Ê \�j¸DFErp < j���e$� v ]lm��9\�N�<� u;Ê \��9\�J Ê �9\�j �½\��¦�¸MOj DFE�qfE
��Mlgih � v MO�fj�\ v * C5

+£�9Jf� *
C3

+£IKjkm�e$\�N�J9\�N
Ωv ≤ ϑvσ

E

���� � �� ������ ���  �� � '���� � ������ % '�� ����� �� 

* J��9J9j�\�N�\����"\�N��¦j�1%jkm�\�� u �F�¦�¦\�J�M vKv \QJ5Mlm ° N v IKgih9\�J n�MOh v \�Jo6F�FN < \�m ¢£M

7 =NF ϑ00 + (ϑ00 + (ϑ00 + (ϑ00 + (ϑ00 + (ϑ00 + (ϑ00)))))) ∈
�
.

Z I mY� v MO�9jk\ v (C5)
IKjkmYMl�9gih

Ωu = ϑu0 ∈
�_E





º�'�:"! #%AtA 4 ,�� +�������
�����
ξ, η < β

 ���
∃α(ξ = ωα & 0 < η < ωα+1)

������� �
ξ + η < β

� ��
��� �����
β

����� ��
#�#���� ������ 
	��
 ��� 
 � �)�
� ��� �����
<\�I

γ, δ < β
E@+³\�IK�f\QÉQN��fIKJ5M vGÊ MOh v \�J u 3FJ9J9\�J¿¢wIKN�IKJ¸�9\�N�l�²fe*µ*T0A?X��Y�FN��¸M v e$�FN�� Ê �fN

+�MOjkIKj
ω

�5MON�j[mo\ vKv \�Jih

γ = ωγ0 + . . .+ ωγm

δ = ωδ0 + . . .+ ωδn

�QMO��\�I�]FI v m γ0 ≥ . . . ≥ γm

�9J9�
δ0 ≥ . . . ≥ δn

E�¤SM vKv j γ + δ > δ
IKj[m < ¢¨-Oh v \�JÈ¢wIKN

j�¸M3�<IK�¸M v �¦IGm£�9\�NYH�IK]F\�J9j�gih9Mlenm
γj ≥ δ0

ES��Mlgih�V��FN�MO�9jkj�\�m Ê �9Jf] ]FI v m��9MOJ9J
ωγj + δ < β.

<gih9NkIGmkmYe ° NY<gih9N�I m�mY\�Nkh5M v mo\�J�¢wIGN�j��
ωγ0 + . . .+ ωγj + δ = γ + δ < β,

¢£MOj Ê � ��\�¢³\�IGj�\�J ¢£MON�E

º�'�:"! #%AtA 4 ,��GÂ
* M,+

ϑvσ = Cv(σ, ϑvσ) ∩ Ωv+1

* ��+
ϑvσ ∈ AH

� ��� �����
* M,+�� v MO�9jk\ v (C1)

�9Jf�~�Y�FN�� vKv MlN¦DOEr� v IK\�e$\�N�Jt�fIK\¿\�IKJ9\ * J u%v �9j�IG�FJ
⊆ < � v MO�fj�\ v (C5)j�IGgih9\�N[mY�9IK\_MOJ9�f\�N�\lE

* ��+³H�j£jk\�IK\�J
ξ, η < ϑvσ = Cv(σ, ϑvσ)∩Ωv+1

�¦IGm
∃α(ξ = ωα & 0 < η < ωα+1)

E
��MlgihÆ� v Ml�9j�\ v (C2)

IGjkm
ξ + η ∈ Cv(σ, ϑvσ)

E�s \�I v Ωv+1 ∈ AH
IKj[m < ]FI v m Ê �f�9\��

ξ + η < Ωv+1
E½�QMlJ9J»]FI v m�¢³\�]F\�J * M#+

ξ + η < ϑvσ
E�Z IGm_%�9� v \��¸�¸M DOEdy¸e$� v ]OmQ�fIK\

+£\�h5MO�9Lfm��9J9]9E

º�'�:"! #%AtA 4 ,��G¬
* M,+

γ =NF ξ + η =⇒ (γ ∈ Cv(α, β) ↔ ξ, η ∈ Cv(α, β))

* ��+
u > v =⇒ (ϑuσ ∈ Cv(α, β) ↔ σ ∈ Cv(α, β))





� ��� �����
* M,+ %\�I

γ ∈ Cv(α, β)
EOsÇIK\wIKj[m

γ
�5M�h9IKJ9\�IKJ9]O\�NoM3mo\�J������9Nkgih�� v MO�fj�\ v * C3

+«�9J9� *
C4

+
¢³\�N��f\�J�MO�9jkj�gih v IK\�5 v IKgih MO�9�9I moIk6F\�¯�MO�9L<m Ê Mlh v \�J�MO�fe$]F\�J9�F�¦�¸\�J < 6F\�N�] v \�IKgihf\�<�9� v \�� X
�¸M�DOEr� * �"+
EÊ/ v jk�1]FI v m γ ∈ Cv(α, β)

¢³\�]F\�JÈ\�IKJ9\�NY�f\�NY� v MO�9jk\ v J *
C1

+��9J9� *
C2

+ E * �
\�Nkjkm�\�J�¤SM vKv j�IGJ9�

ξ
�9J9�

η
\���\�Jfe M vGv j IKJ

Cv(α, β) < �5M�jkIK\ u%v \�IGJ9\�N£M v j γ jkIKJ9� < �9J9��IG�
Ê ¢³\�I mo\�J < ¢£\�I v ξ �9J9�

η
�f�9N�gih��9IK\_�Y�FN��¸M v e$�ON�� \�IGJ9�9\��<moIK] ��\�j[moIG�¸��m�j�IKJf��E

* ��+ * jkm
ϑuσ

IKJ
Cv(α, β) < j�� u MOJfJ¦�fIK\�j�J%�fN�J5MOgih¦� v MO�9jk\ v * C4

+"]F\ v m�\�J�El� v MO�9jk\ v * C1
+

u �O�¸��mwJfIKgih7mYIKJ�¤5NoMO]F\ < �5M IKJ��9IG\�jk\���¤SM vGv \ ϑuσ u%v \�IGJ9\�NwM v j Ωv+1
j�\�IKJ�� ° 5Om�\OE

<\�IK\�J�J;�9J
α < β < γ < δ < η < ξ �9J9�

σ
j[mo\
mojYH v \��¦\�J7m�\`Ml�9jw��E

����  �� � 
α
��� ���� �
� ��� %

β
�(% �

+£\�IK� 	�N�3�5O\�Jj6F\�N�] v \�IKgih Ê ¢³\�IG\�N³MO�9�9I moIk6F\�N�¯�MO�9Lfm Ê MOh v \�J¦j�IGJ9�¦�9J9j�e$� v ]F\�J9�9\YZ \�J9]F\�J
6F�OJÈ��\�I v mo\�N��¦\�J�h9I v e$N�\�IKgih�E
z #7ª«���$&(� }�� ,�� ,;� ¤ ° Nw\�IGJ9\_ÉQN��9IGJ5M vGÊ MOh v γ MO�fj��Ëj�\�I

AHvγ :=





∅
e ° N

γ = 0
AHvξ ∪ AHvη

e ° N
γ =NF ξ + η

{γ}
e ° N

γ = ϑuσ & u ≤ v
AHvσ

e ° N
γ = ϑuσ & u > v.

�QMOj¸e$� v ]F\�J9�9\È<�9� v \��¦� MÁIKj[m \�IKJ9\ \�IGJfe MOgih9\È¤S� v ]F\�N��9J9] MO�9j�<�9� v \��¦� M DFE�� �9J9�
���ON�� vGv MON�DFEr�<E
º�'�:"! #%AtA 4 ,�� ,S,
* M,+

AHvγ ⊆ AH

* ��+
AHvγ < Ωv+1

¤ ° N£\�IKJf\�Z \�J9]F\
M

j�\�I
M < α

] v \�IGgih;�?\��9\��fm�\�J9���¦IGm
∀γ ∈M(γ < α)

E<��IK\Q��\�]FM3X
moIG�FJ�h9IK\�N�6O�FJ < ∃γ ∈M(α ≤ γ) < jkgih9N�\�IK��\�J ¢wIGN

α ≤ M
E

��#<A�A�4 , � ,%C
α ∈ Cv(β, ϑvβ) ⇐⇒ AHvα < ϑvβ

� ��� �����
sÇIKN Ê \�IG]F\�J��9IK\R/��9j�j�MO]F\��9�9Nkgih * J9�f� u moIK�OJ J5Mlgih

α ∈
�_E

· α = 0��IG\�jk\�NY¤SM vKv IKjkm u;v MON�E





· α =NF ξ + η¯YIK\�NYe$� v ]lm��¦IGm �½\��¦� M�DFE�� * M#+w�9J9�»�9\�N * J9�f� u moIK�OJ9j�6O�FNoMO�fj�j�\
m Ê �9J9]È�fIK\a+³\
X
h5Ml�9Lfmo�fJ9]9E

· α = ϑuσ��IG\�jwIKj[mw�9\�NwIGJ;m�\�Nk\�j�j�MOJ7mo\`¤SM vKv E
· u ≤ v�QM¿j��F�¦IGm

α < Ωv+1
IGjkmQ�fJ9�»J5MOgih �½\��¦�¸M�DFE�� �9\�jk¢³\�I mo\�Nk\�J

ϑvβ =
Cv(β, ϑvβ) ∩ Ωv+1

]FI v m < e$� v ]Om
α ∈ Cv(β, ϑvβ) ⇐⇒ α < ϑvβ.s�\�]F\�J
AHvα = {α}

IGjkmw�5MljY�9MOjÀV�\�N v MOJ9]Om�\OE
· u > v��MOgih �½\��¦� M�DFE�� * ��+£�9J9���9\�N * J9�9� u m�IK�FJfj�6F�ONoMO�9jkj�\
m Ê �fJ9]¿]FI v m

α ∈ Cv(β, ϑvβ) ⇐⇒ σ ∈ Cv(β, ϑvβ)
⇐⇒ AHvα = AHvσ < ϑvβ,¢£�F�¦IGmYM vKv \�j�]F\ Ê \�IG]OmwIKj[m E

º¨4f&(6 ,�� ,%¥
ϑvα < ϑvβ ⇐⇒ (α < β & AHvα < ϑvβ)

%'�����
ϑvα ≤ AHvβ

� ��� �����
sÇIKN��fJ;m�\�Nkj�gih9\�IK�9\�J �9N�\�I*¤0- vGv \)h

· 	�\ v mo\ α < β
�9J9�

AHvα < ϑvβ
E

Z I m �½\��¦� M DOEGDcb¸e$� v ]Om
α ∈ Cv(β, ϑvβ)

MO�fj_�f\�� Ê ¢£\�IGmo\�J��Y�FJ^7k�9J u m�IK�FJfj[X
] v IK\����9J9� h9IG\�N�MO�9j�¢³\�]F\�J~�f\�j \�Nkjkm�\�J

ϑvα ∈ Cv(β, ϑvβ)
�¦IGm

(C3)
E���MOgih

fM3m Ê DFE�q1]OI v m Ê �9�f\��
ϑvα < Ωv+1

EB/ v jk�1e$� v ]Om�h

ϑvα ∈ Cv(β, ϑvβ) ∩ Ωv+1

<�f� v \��¸�¸M¸DFE�� * M#+ v IK\�e$\�Nkm³�5MO�¦IGm£�9IK\ v IKJ u \�%\�IGm�\Q�9\�N Ê ����\�¢³\�IKjk\�J9�f\�J����%�fI X
6lM v \�J Ê E

· 	�\ v mo\ ϑvα ≤ AHvβ
E

��MOgih ��\
U5J9IGm�IK�FJ 6F�FJ
ϑvβ < 6O\�N�] v \�IGgih9\

(C5) < IKj[m
β ∈ Cv(β, ϑvβ)

E �*\��¸�¸M
DFE Dcb v IK\
e$\�Nkm��9J9j��5M3e ° N

AHvβ < ϑvβ
Ein¨�9joMO�¦�¦\�J»�¦IGm��9\�N8V��FN�MO�9jkj�\�m Ê �9Jf]

\�N�]FIG�fmw�5MOjTh

ϑvα ≤ AHvβ < ϑvβ





· 	�\ v mo\��9IG\���\�]FMlmoIG�FJ��9\�NwNk\�gih7mo\�J»<\�IGmo\��9\�NG+£\�h5Ml�9Lfmo�fJ9]Bh

(β ≤ α
�%�9\�N

ϑvβ ≤ AHvα)
�fJ9�

AHvβ < ϑvα

¤SM vGv j β ≤ α
�9J9�

AHvβ < ϑvα
]FI v m < j���e$� v ]Om�¢wIK\QIG� \�N�j[mo\�J ���9J u mw�fJ9j�\�N�\�j

+£\
¢£\�IKjk\�j
ϑvβ ≤ ϑvα

E�	�\�h9\�J ¢wIGN�IG�^¤SM vGv \ ϑvβ ≤ AHvα
¢wIK\�IK� Ê ¢³\�I mo\�J

���9J u m�6F�ON < j��1e$� v ]Om�\���\�Jfj��
ϑvβ < ϑvα

E5��MO�¸I mwIKj[mYM vKv \�j�]F\ Ê \�IK]Om�E

���ON�� vGv MONYDFE�� < <�f� v \��¸�¸M¸DFE����9J9���f\�N#6F�ON�h9\�N�]F\�h9\�J9�f\�<Mlm Ê ��\ MlJ;m ¢³�FN[mo\�J��9J9j�J;�9J
�9IG\�¤SN�MO]F\ < ¢�MlJ9J

α u;v \�IKJ9\�N
β

IGjkm�h
¾¿}S0c}?! !$490 ,�� ,7·

α < β
������ ����� 
	� �#
����� � ����� ����� ��� ������� % � ����� ����� ���������� ��� ��� � � (

· α = 0 & β 6= 0

· α = ϑuγ & β = ϑvδ
��� � ����� ��� ������� % � ����� ����� ��������

· u < v

· u = v & γ < δ & AHuγ < ϑvδ

· u = v & ϑuγ ≤ AHvδ

· α = ϑuγ & β =NF ξ + η & α ≤ ξ

· α =NF ξ + η & β = ϑvδ & ξ < β

· α =NF γ + δ & β =NF ξ + η
� � � ����� ��� ������� % � ����� ����� ��������

· γ < ξ

· γ = ξ & δ < η





� � �
�
<k ��� ������	*���`� �W��� 


<LÄ-3mo\�j[mo\�J9j£Ml�¦�fIK\�jk\�� ���9J u m �9\�N�/�Nk�?\�IGm�jkIKJ9� u;v \�IKJ9\�]FNkIK\�gih9IKjkgih9\G+£�9gih9j[miMO��\�J¦�¸I m
�9J9� �Oh9J9\ * Jf�9\
�tH v \��¦\�J7m�\¿MO�9j`��E * J9�f� u moIK�OJ�J5MOgih

γ
�¦\�IGJ7m�IGJ��9IG\�j�\�� �_MlL9IGm�\ v* J9�9� u m�IK�FJ�J5MOgih

γ ∈
�_E

� ��� � �� ��
	 ����� � ) ��
V��FJ ��� vKv 6O\�N�jkgih9IK\��9\�Jf\ ÉQN��fIKJ5M vGÊ MOh v \�JtMO�9j1� < �9IG\�J9IKgih7m¦MO�9�fIGmoIk6F\�¯�MO�9Lfm Ê MOh v \�Jj�IGJ9� < h5MO��\�J J5MOgih¿� v MO�9j�\ v * T2

+��fJ9��<�9� v \��¦�¸M1DOEr��\�IGJ9\�\�IKJ9�f\��fm�IK]F\�<�9�¦�¸\�J9�5MON�X
jkm�\ vGv �9J9]fE"��MOj�e$� v ]F\�J9�f\ �½\��¦�¸M Ê \�IK]lm < �5M)5»Ml�9giht�9IG\¿�QMONkjkm�\ vKv �9J9] �9\�N�MO�9�9I moIP6O\�J
¯�Ml�9Lfm Ê MOh v \�J MO�9jw�Ë�9�fN�gih��9IK\

ϑv

X ¤5�9J u moIG�FJ9\�J�\�IKJ9�9\��fmoIG] IKj[m E
��#<A�A�4 C � ,

ϑuα = ϑvβ =⇒ u = v & α = β
� ��� �����
�QM

ϑuα Ê ¢wIGj�gih9\�J
Ωu

�9Jf�
Ωu+1 v IK\�]Om < e$� v ]Om

u = v
EZ/�J9]F\�J9�F�¦�¸\�J

α
¢¨-ON�\ u%v \�IGJ9\�N

M v j β E�sÇIGN Ê \�IK]F\�J
AHuα < ϑuα

E���\�J9JÁ�5MOJ9J»]OI v m α < β
�9J9�

AHuα < ϑuβ < j��
�5M)5`�¸I m �*\��¸�¸M DFE D(q

ϑuα < ϑvβ
e$� v ]Om < ¢�MOj³IK� sÇIG�9\�Nkj�L9Nk�9gih Ê �fNxV��FN�MO�9jkj�\�m Ê �9Jf]

jkm�\�h7m E½<\�I
γ ∈ AHuα

E¨¤SM vGv j γ < Ωu

IKjkm < e$� v ]Om
γ < ϑuα

jk�Oe$�FN[mQ�¦IGm����FNk� vKv MON�DFE��fE
/�Jf�9\�Nk\�Jfe M vGv j�]FI v mQm�N�IP6%IKM v \�Nk¢³\�IKjk\

γ ≤ AHuα
�9Jf� < �5M

γ
MO�9�9I moIP6O\1¯�MO�fLfm Ê MOh v IKj[m <�¦IGmYfM3m Ê DFE D(q1MO�9gih

γ < ϑuα < ¢£MOj Ê � Ê \�IG]F\�J�¢£MON�E
�QMOj �½\��¦� MÁ�9J9�¡�fIK\��F�9IK]O\�+£\��¸\�N u �9J9] Ê \�IG]F\�J < �9M)5 ¢wIGN¸�9IG\ÈH v \��¦\�J7mo\ MO�9j¸�
MO�9jk]F\�hf\�J9�¿6O�FJ��f\�N`��� vGv �9�9Nkgih <�9�¦� M3moIK�OJ»�9J9�¿/�J7¢£\�J9�9�9J9]È�9\�N

ϑv

\�IKJf�9\��fm�IK]
�5MONkjkm�\ vKv \�J u 3FJfJ9\�J�E * jkm¦�9IG\����FNk�

no(α)
�9IK\Æ/�J Ê MOh v �9\�N

ϑv

IKJ �9IG\�jk\�N¸�QMON�j[mo\ v X
v �fJ9]46O�FJ

α < j��¿IGjkmYj�IG\`�¦IGm�h9IKJ¿¢³�Fh v �9\TU5JfIK\�N[m E��QMOjY+£\�IKj�LfIK\ v MO�fjY/��9j�gih9JfIGm�m�DFErb1IG�
¯�IGJ7mo\�N u �FL<e«IKj[m

no(n) = n
moNkIP6%I¶M v E

� ��� � �� ��
	 �����
� ��� �  � )� ��
��IG\_IG��e$� v ]F\�Jf�9\�J Ê ��j�L�\ Ê IPU Ê IK\�N�\�Jf�9\_���FNk���?\��9IKJf]F�9J9]1j�� vKv �Y�FN��¦\�J Ê ¢³\�IG\�N�ÉQN��9I X
J5M vGÊ MOh v \�J�MO�fjY� 6F\�N�] v \�IKgihf\�J�ESH�jwj�\�I

q(m, k) := p · (k + 1) · 5m+2





\�IGJ9\�¤5�9J u moIG�FJ MO�fe�J5Mlm ° N v IKgih9\�J;n�Mlh v \�J�E"sÇIG\¿¢wIKN j��le$�FNkm1jk\�h9\�J < IKjkm�j�IK\�LfN�IK�¦IGm�IP6
N�\ u �9N�jkIP6�E��QMOJ9J�J9\�JfJ9\�J�¢wIKN

no(α) < q(no(β), k)

�9IG\�� % �� ��� ������	����� Ef��IK\Q�Y�FN�� 6F�OJ
α

¢wIKNk��M v jk���9�9Nkgih��9IK\��Y�FN�� 6F�OJ
β

�9Jf���9\�N
J5Mlm ° N v IKgih9\�J n�MOh v k u �FJ7moNk� vKv IK\�Nkm E * � V�\�N v Ml�fe��9IG\�j�\�jQ��MOL9I mo\ v jw¢£\�N��9\�J»�9J9jQ�9IG\`IG�
JÄ-Ogihfjkmo\�J �½\��¦� M���\�¢wIG\�jk\�J9\�J H�IK]F\�J9j�gih9Mlenmo\�J�6O�FJ

q
hfI v e$Nk\�IGgih�j�\�IGJ�E

��#<A�A�4 C �GC
* M,+

q
����� ��� � �����& &% � % � % � � 
�� � � ��� � ��� ����� ������� � �	�� &����� ��� �

* ��+
m+ q(n, k) ≤ q(m+ n, k)

* g +
q(m, k) + q(m, k) + 2 ≤ q(m + 1, k)

* ��+
m+m + p+ 1 < q(m+ 1, k)

�����
n > 0

��� �
m0 6= 0

� � �
m1 6= 0

� � �
. . .

��� �
mn 6= 0

�������(
* \ +

q(m0, k) + . . .+ q(mn, k) ≤ q(m0 + . . .+mn, k).

� ��� �����
* M,+³sÇIKN£��\ Mlgih;m�\�J

p > 0
�9J9��jk\�h9\�JÈ�9IG\Qjkm�N�\�Jf]F\_Z �FJ9�lmo�FJ9IG\Q�9\�Nw��\TU5JfIGmoIG�FJo6F�OJ

q�9IGN�\ u m�MOJ�E
* ��+wH�IGJ9\�\�IGJfe MOgih9\ * J9�9� u m�IK�FJ�J5MOgih

m v IK\
e$\�Nkm��9IK\q+£\�h5MO�9L<mo�9J9]fES�QMO��\�I½J;�fm Ê \�J�¢wIKN
�9IG\�jkmoNk\�J9]O\�Z �OJ9�Omo�OJ9IK\86O�FJ

q
IK� \�N�j[mo\�J /�Nk]F�9�¦\�J7m E

* g +���IK\Qe$� v ]F\�Jf�9\R/��9jkgihÄ-lm Ê �9J9] \�N�]OIK�fm�jkIKgih��¸I m�\�IGJfe MOgih9j[mo\�NG/�N�I moh9�¦\�m�I u h

q(m, k) + q(m, k) + 2 = 2 · p · (k + 1) · 5m+2 + 2

≤ 5 · p · (k + 1) · 5m+2

= q(m+ 1, k)

* ��+w¤ ° N��9IK\�j�\q/��fj�gihÄ-lm Ê �9Jf] J;�fm Ê \�J�¢wIKN
2 ·m+ 1 < 5m+1 − 1

�9Jf�
p > 0

h

2 ·m+ p+ 1 < 5m+1 − 1 + p

≤ p · (5m+1 − 1) + p

≤ p · (k + 1) · 5m+1+2

= q(m + 1, k)





* \ +�H�jw]FI v m n+ 1 ≤ 5n ES%\�I
ml

�5Mlj�Z M3�<IK���9� 6F�FJ
m0, . . . , mn

ES�QMOJ9J�]FI v m�h

q(m0, k) + . . .+ q(mn, k) ≤ (n+ 1) · p · (k + 1) · 5ml+2

≤ 5n · p · (k + 1) · 5ml+2

≤ p · (k + 1) · 5m0+...+mn+2

= q(m0 + . . .+mn, k)

� ��� � ���
<k

����� �(� � � �� � ) � �
�QM��?\�I��9\�N

<k

X��w\ v M3moIK�OJ �9IK\1�Y�FN��¦\�JÁ�9\�N��?\
mo\�I v IG]Omo\�JÁÉQN��9IGJ5M vKÊ MOh v \�J»\�IGJ9\ ]FNk��5F\
�w� vKv \�j�L9IG\ v \�J < ¢³\�N��f\�J �9IG\`<�9�¦�¸\�J jk\�h9NYj��FNk]Oe�- v moIK]a6O\�Nk] v IGgih9\�J�E��QM Ê �ÈIGjkmY�9J9jYe ° N
�9IG\£�QMlN�jkm�\ vGv �9J9]Y�9\�N«<�f�¸�¦\�J_\�IGJ9\�V MON�IKMOJ7mo\ 9 �9\�N,l�²fe*µ*T0A?X��Y�FN��¸M v e$�FN��/J ° m Ê�v IGgih�E
H�j�jk\�I

α =CNF α0 + . . .+ αm

]F\�J5MO���5MOJ9J < ¢³\�JfJ

α =NF α0 + α1 & α1 ∈ AH & m = 1

�%�9\�N

α =NF α0 + γ & γ =CNF α1 + . . .+ αm & m > 1

Ê �<moN�I��?m�EBn¨�R7k\��9\��
α /∈ {0}∪AH

\
�<IGjkmoIG\�Nk\�J¿�5MlJ9J��9�9Nkgih
α

\�IKJ9�9\��fmoIG]���\�j[moIK�¦��m�\
α0, . . . , αm

�¸I m

α =CNF α0 + . . .+ αm.

�QMOjQH�Nk]F\��fJ9IKj��9\�j�\�N�j[mo\�JÁ�_MlL9IGm�\ v j < ���FNk� vKv MON�DFE D � < IK��¯YIKJ7mo\�N u �OLfe��9\TU9J9IK\�N�\�J ¢wIKN
J;�9JÈ�fIK\

<k

X �Y\ v Mlm�IK�FJÇh
z #7ª«���$&(� }�� C �G¥

α<k β
]F\ v mo\�]O\�J5MO�»�9MOJ9J < ¢³\�JfJ \�IKJ9\�NQ�9\�NQe$� v ]F\�J9�9\�J»¤0- vGv \ Ê �<X

moNkI���m�h

· α = 0 & β 6= 0

· α = ϑuγ & β = ϑvδ
�9J9�È\�IKJ9\�N��9\�N�e$� v ]F\�Jf�9\�J�¤0- vGv \

r Ã�{
}|~��\v^£�t2z�t2zBª�t2¼^v\u���uw�
v¨~^{�¹)t2v¨v��\zÊ�
�
v¨Ã��\�w���
t�z�£�}|~\uwt���t�v\t "Iz|��uwv^{��w��{
~\��t�v ¡ ��u�tiv\u¤}|~��B{T�\��u���uw�
t
� {
�\y�����{�~^��t�v8£�uwv^� ¡ t�u�v\t���³@´	�Á�ZÖ � Ã��Tz� À{�� ¢ �
z� 8��ª�uwt�£�~\u�� ¢ ���\v�£ ¡ �\u�t,��{��w���\v���t2z|£�}|~\t�uw�\�\v\�#¹�t�u
��t�z�ª�t2¼^v\u���uw�
vR��t2z

<k ��
 t��w{���uw�
v�t2uwv ¢ {
}|~��2�8v\�
��uwt2z�t2vÁ�





· u < v
M 6O\�Nkj�gih9IG\��9\�J9\1%m��fe$\�JÊO

· u = v = 0 & γ <k δ & AHuγ <k ϑvδ & no(α) < q(no(β), k)M��YJ9\�NkN�\�IGgih;�5MON u \�I m 1 O
· u = v > 0 & γ <k δ & AHuγ <k ϑvδ

M��YJ9\�NkN�\�IGgih;�5MON u \�I m
2
O

· u = v & ϑuγ≤k AHvδ
M ��\�I v mo\�N��pO

· α =CNF α0 + . . .+ αm & β = ϑvδ &
�9J9��\�IGJ9\�Nw�9\�Nwe$� v ]F\�J9�9\�J�¤0- vKv \

· v = 0 & ∀l≤m(αl <k β) & no(α) < q(no(β), k)
M MO�9�9I moIk6F\

¯�MO�9L<m Ê Mlh v 1 O
· v > 0 & ∀l≤m(αl <k β)

M�Ml�9�9IGm�IP6O\�¯�MO�9L<m Ê Mlh v 2 O
· α = α0# . . .#αn & β =CNF β0 + . . . + βn & ∀l≤n(αl ≤k βl) &

∃l≤n(αl <k βl)
M�Z � v moIK�¦\�Jf]F\�Jj6F\�N�] v \�IGgihÊO

ξ#η
IGjkm"�9IK\ J5Mlm ° N v IKgih9\³<�9�¦�¦\x6O�FJ

ξ
�9J9�

η
E3��IG\ v \�m Ê mo\³� v MO�9jk\ v ��\�joMl]Om«jk�F�¸I m < �5M�5

α < β
IKjkm < ¢³\�J9J

β =CNF β0 + . . . + βn

IKjkm < ¢wIGN
α

IKN�]O\�J9�f¢wIG\��9�9Nkgih
α0, . . . , αnM v j J5Mlm ° N v IKgih9\ <�9�¦�¸\��5MONkjkm�\ vKv \�J u 3FJ9J9\�JÇ�9J9�¡�9IG\ MO�<e$]F\�e ° hfNkmo\�J`+£\��fIKJ9]F�fJ9]F\�J

]F\ v mo\�J�E9�YJ7mo\�N�\�IKJ9\�Nw%m��fe$\ < \
m ¢�M �9\�N
u
X mo\�J < 6O\�Nkjkmo\�h9\�J�¢wIKN£�5MOj * J7mo\�N�6lM vKv?Ê ¢wIGj�gih9\�J

Ωu

\�IKJfj�gih v IK\�5 v IKgih��9J9�
Ωu+1

Ml�9j�jkgih v IG\�5 v IKgih�EO�QM)5�¢£\�]F\�J
Ω0 = 1

�9IG\
0

j��F�¦IGm u \�IKJ9\�N
%m��fe$\ Ê � Ê �9�FNk�9J9\�J IGjkm < j�� vGv �9Jfj�J9IKgih7m ¢³\�I mo\�N�jkm.3ON�\�J¨E�fMlm Ê b<E � ¢wIKN����9J9j Ê \�IK]F\�J <�5M)5�e ° N_MO� Ê -Oh v �5MONk\

α
�9J9�

β
�¦IGm

α<k β
�9IK\1�Y�FN����?\��9IKJ9]O�9J9]�]FI v m E?��\�N¬+³\�¢³\�IKj

�9IG\�j�\�j¦fMlm Ê \�j�\�Nke$�ON��9\�Nkm < �5M)5 IGJt�9\�N ��\TU9J9IGm�IK�FJ 6F�FJ
α<k β

MOJ Ê ¢£\�Iw%m�\ vKv \�Jt�fIK\
���ON�����\��9IGJ9]F�9Jf] MO�fenm�N�IGmkm E<��� MO�fe*\�IGJ Ê \ v J9\8+£\��9IGJ9]F�9Jf]F\�J��9\�N¨6F�FNkIK]F\�J���\TU9J9IGm�IK�FJ
+£\ Ê �9] Ê �ËJ9\�h9�¦\�J < �?\�J;�fm Ê \�JË¢wIGN��fIK\Ás`3FNkm�\�N�IKJ �9\�J \�g u IK]F\�J�� v MO�¦�¦\�N�JÇM v j��Ml�¸\�J�Ef��\�N v \�m Ê mo\����9J u m�IKj[m��5MlJ9J¿\�m ¢£M��9IG\�� � ��� �� &��������� ���� ������ � � ��� �)
	� � ��� �<�f\�N
u �9N Ê �9\�N�� ����� �� &��������� ���� ������ � � E

� ��� � �� � � '���� � ������ % '�� ����� �� 

��IG\ j��%\���\�J/�9\
U5J9IG\�Nkm�\»�w\ v M3moIK�OJÆIKj[m¿J9IGgih7m¿moN�MOJ9j�I moIk6 < ¢wIG\ �5MOj e$� v ]F\�J9�9\N+³\�IKjkL9IK\ v
Ê \�IK]F\�J�¢wIGN���E<sÇIKN#6F\�Nk¢³\�J9�f\�JÈe$� v ]F\�Jf�9\R/�� u;° N Ê �9Jf]F\�Jih

ω := ϑ0ϑ00

ωω := ϑ0ωs \�I v q j[moNk\�J9] �¦�FJ9�Om��FJ¸¢£MOgih9jk\�J9��IKJ¸�?\�IK�9\�J�/�Nk]F�9�¦\�J7mo\�J�IKjkm <<u 3FJ9J9\�J¿¢wIKN³\�IKJ
k0j��¦]FNk��5 ¢#-Oh v \�J < �5M)5

2 = no(ω) < q(no(ωω), k0)�9J9� MO�B5O\�N��f\��
4 ≤ q(no(ω), k0) − 1





]FI v m Ef�QMOJ9J�\
�<IGjkmoIG\�N[mw\�IKJ
n > 0 < �5MOjw�¸M3�<IK�¸M v �¦IGm��9\�NYH�IK]F\�J9j�gih9Mlenm

2 · n = no(ω · n) < q(no(ωω), k0)
IKj[m E 	�\��c-�5È�9\�N ��J9\�N�Nk\�IKgih;�5MlN u \�IGm�j u;v MO�fj�\ v ]FI v m ω<k0

ωω �9J9� �¦IGm_�9\�N·/��9�9IGm�IP6O\
X
¯�Ml�9Lfm Ê MOh v 1 X�� v Ml�9j�\ v

ω · n<k0
ωω.

¤5\�NkJ9\�N�e$� v ]Om��¦IGmYZ � v moIG�¸\�J9]F\�JÁ6O\�Nk] v \�IKgih
(q(no(ω), k0) − 1) · n<k0

ω · n<k0
ωω.

�QM
n

� M3�<IG� M v ]F\
¢#-Oh v m�¢£MON < ]FI v mI7k\��9�%gih J9IGgih7m
(q(no(ω), k0) − 1) · n < q(no(ωω), k0).

/ v j��_IKj[m³�fIK\����FNk���?\��9IKJf]F�9J9]�e ° N
(q(no(ω), k0)−1) ·n

�9Jf�
ωω 6F\�N v \�m Ê m EfZ IGm �9\��

JÄ-Ogihfjkmo\�JÁfMlm Ê j�\�h9\�JÈ¢wIGN < �9M
(q(no(ω), k0) − 1) · n

�fJ9�
ωω MO� Ê -lh v �5MlN�j�IKJf� < �5M)5

�5MOJfJÈMO�fgih
(q(no(ω), k0) − 1) · n<k0

ωω

e M v j�gih�IKjkm�E
º¨4f&(6 C � ·

α<k β < Ω1 =⇒ no(α) < q(no(β), k)
� ��� ����� �9\�j�fM3m Ê \�jsÇIKN Ê \�IG]F\�J��9IK\q+³\�h5MO�fLfmo�9Jf]¸�9�fN�gih * Jf�9� u moIG�FJ�J5MOgih

Nα +Nβ
E

· α = 0 & β 6= 0��IG\�jk\�NY¤SM vKv IKjkmw\�IKJfe Mlgih�E
· α = ϑ0γ & β = ϑ0δ

E * J¦�9\�N³�YJ9\�NkN�\�IKgih;�5MON u \�I moj u%v MO�9jk\ v e ° N
u = 0

¢wIGN��¦�9IK\
�Y�FN�����\��fIKJ9]F�fJ9]�\ �fL v I Ê IGm"]F\�e$�ON��9\�Nkm EF<\�I<]F\�� -)5��9\�N«��\�I v m�\�N�� u;v MO�fj�\ v α≤k ξe ° N�\�IKJ

ξ ∈ AH0δ
E5�QM

ξ
\�IKJ�\�gih7mo\�N���\�I v m�\�N�� 6F�FJ

β
IGjkm < ]FI v m

no(ξ) < no(β).
¤SM vGv j α = ξ

IKj[m < ]FI v m�e$� v ] v IKgih �¦IGm��9\�N�Z �FJf�Omo�FJfIK\86F�OJ
q

no(α) = no(ξ) < no(β) ≤ q(no(β), k).
/�J9�9\�N[e M vKv j«IKj[m

α<k ξ
EO��MOgih <�9� v \��¦�¸M�DFE DFD�IKj[m

ξ u;v \�IKJ9\�N�M v j Ω1
E;%�F�¸I m«IGjkm

�9IG\ * J9�f� u moIK�OJ9j�6O�FNoMO�fj�j�\
m Ê �9J9] MOJ7¢£\�J9�9�5MON < �9J9� \�j�e$� v ]lm < �5M
ξ

\�IKJt\�gih7mo\�N
��\�I v mo\�N�� 6F�FJ

β
IGjkm < �¸I m��9\�N�Z �OJ9�Omo�OJ9IK\86O�FJ

q

no(α) < q(no(ξ), k) ≤ q(no(β), k).





· α =CNF α0 + . . .+ αn & β = ϑ0δ* J��9IK\�j�\���¤SM vKv ¢wIKN����9IG\����FNk����\��9IGJ9]F�9J9]1\ �fL v I Ê IGm�]O\�e$�FNk�9\�N[m E
· α = α0# . . .#αn & β =CNF β0 + . . .+ βn�QM�M vKv \ αl

�9J9�
βl u;v \�IKJf\�N"M v j Ω1

j�IGJ9� < e$� v ]lm*J5MOgih * J9�9� u m�IK�FJfj�6F�ONoMO�9jkj�\
m Ê �fJ9]
��\ Ê IK\�h;�9Jf]Fjk¢³\�IGj�\`MO�fe$]FNk�9J9���9\�Nwjkm�N�\�J9]F\�JÈZ �FJf�Omo�FJfIK\86F�OJ

q
e ° NwM vKv \ l

no(αl) ≤ q(no(βl), k)

�9Jf��e ° N�\�IKJ
l′

no(αl′) < q(no(βl′), k).

Z I m �½\��¦� M1b<Erb * \ +³e$� v ]OmwM v j��Bh

no(α) = no(α0) + . . .+ no(αn)

< q(no(β0), k) + . . .+ q(no(βn), k)

≤ q(no(β), k)

�QMOj�e$� v ]F\�J9�9\ �½\��¸�¸M v -�5Om�jkIKgih J;�9N ��\�¢³\�IGj�\�J < ¢£\�I v IKJt�9\�N¦%mo�<e$\�J u;v Ml�9j�\ v�u \�IKJ9\
���ON�����\��9IGJ9]F�9Jf]�jkm�\�h7m EfsÇIGN³¢³\�Nk�9\�J�\�j�IG� +³\�¢³\�IKj£�9\�j �½\��¦�¸MOj�b<E D(�¬6O\�N[¢£\�J9�9\�J¨E
��#<A�A�4 C �G¼

γ <k Ωu+1 ⇐⇒ γ < Ωu+1

� ��� �����
��\�N 	�N�3�5F\�JÁ6O\�Nk] v \�IKgih �¦IGm

<k

�?\�N ° g u j�IGgih7moIK]lm��9IG\�H�IK]O\�J9jkgih5Mlenmo\�J��9J9jk\�N�\�NwÉQN��9IGJ5M v X
Ê Mlh v \�J < �9IK\Q¢wIGN��¸I mw���ON�� vGv MON�DFEGD�� Ê �9joMl�¸�¦\�Jfe M�5Omo\�J�E5H�jw]FI v mwM v jk� IK�¦�¸\�N

α<k β =⇒ α < β,

�9J9��j��O�¸I m��9IK\�\�N�jkm�\ * �¸L v I u Mlm�IK�FJ�E
���9Nkgih * J9�f� u moIK�OJ¸J5Mlgih

γ Ê \�IG]F\�J ¢wIGN��9IK\wMOJf�9\�Nk\��wIKgih7mo�fJ9]9E
γ = 0

IKjkm�m�N�Ik6<IKM v E Ωu+1IKj[m�J5Mlgih
(C5)

] v \�IKgih ϑu+10
E"¤SM vKv j γ ∈ AH <"u MOJ9J jk�F�¦IGm

γ < Ωu+1
J%�fN�]F\ v mo\�J <�5M»�9IG\��?\�IK�9\�J;n�Mlh v \�J MO�feG6F\�Nkj�gih9IG\��9\�J9\�J/%mo�fe$\�J v IK\�]F\�J�E��QMOJ9J e$� v ]Om�jk�Oe$�FNkm1�fIK\

+£\�h5MO�9Lfm��9J9]��¸I m Ê �f]F\�hB3ON�IK]O\�N�� v MO�fj�\ v IKJÁ�F�9IG]F\�N���\TU5J9I moIG�FJ�E * j[m
γ

\�IGJ9\¦<�9�¦�¦\ <j�� v IK\�]O\�J MO�fgih¸M vKv \�<�9�¦� MlJ9�9\�J �fJ;m�\�Nkh5M v �a6O�FJ
Ωu+1

E)/ v j��Qe$� v ]Om«�fIK\À+£\�h5MO�9L<mo�9J9]
MO�9jw�9\�N * J9�9� u moIG�FJ9j26F�FN�MO�9j�jk\�m Ê �9J9] �¸I m��9\�N�/��9�fIGmoIk6F\ X�¯�Ml�9Lfm Ê MOh v 2 X�� v Ml�9j�\ v E





� ��� �  %��
����� ��� �(� � ���
�&)� �� % � )� � � � �� �� 
sÇIKN_¢£� vKv \�JtJ;�9J �9IK\ ¤5�9J u moIG�FJ9\�J �f\TU5J9IG\�Nk\�J < �9IK\¦¢wIKN Ê �9� �Y� vKv MO�9IG\�N�\�Jm6O�FJ ÉQN[X
�9IGJ5M vKÊ MOh v \�J��?\�J%�<m Ê \�J ¢£\�N��9\�J�EÇ/���H�J9�9\��9IG\�jk\�j�/��9j�gihfJ9IGmkmoj Ê \�IG]F\�JÈ¢wIGN < �5M)5¦e ° N
p > 1

�9IK\�J9\��9\�JÈ¤S�fJ u moIK�OJ9\�J
Dv

Ml�fe u;v \�IKJ9\�N�\_ÉQN��fIKJ5M vGÊ MOh v \�J�Nk\��5\ u moIK\�N�\�J M v jY�fIK\
¤5�9J u moIG�FJ9\�J

ϑv

E½��IK\ Jf\��9\�J�¤5�9J u m�IK�FJ9\�J»¢£\�N��9\�J��9�9Nkgih��w\ u �9Nkj�IG�FJÁJ5MOgih
v

6F�OJ
ph9IGJ5MO� Ê �9N"���9\
U5J9IK\�Nkm�El�Y��IK�Ëe$� v ]F\�Jf�9\�J��Y\�j�j��O�9N�g�\�J Ê �`j�L5MlN�\�J < jk\�I

Dp+1(σ) := σ
E

z #7ª«���$&(� }�� C �GÀ
Dv(σ) := ϑv(Dv+1(σ))

+£\ Ê�° ] v IKgih �9\�N�� v MO�¦�¸\�N�J��?\�I
Dv(σ)

]O\ v m�\`�9MOj�] v \�IGgih9\�¢wIK\_�?\�I
ϑv(σ)

E«/��9gih �5MOj
V�\�Nkh5M v mo\�J��¦IGm

AHv

IKj[mwIK�9\�J;m�IKjkgihih
º�'�:"! #%AtA 4 C � +

AHvDuσ =

{
{Duσ}

� ���
u ≤ v

AHvσ
� ���

u > v
� ��� �����
��IG\¬+³\�h5MO�fLfmo�9Jf]¸\�N�]FIG�fmwj�IGgih �9IGN�\ u mYMl�9jw�9\�J��?\
mo\�I v IG]Omo\�J���\TU9J9IGm�IK�FJ9\�J�E

��#<A�A�4 C �GÂ
Dvα < Dvβ ⇐⇒ (Dv+1α < Dv+1β & AHvα < Dvβ)%'�����

Dvα ≤ AHvβ
� ��� �����
��Mlgih ��\
U5J9IGm�IK�FJo6O�FJ

Dv

�9J9��J5MOgihÈfMlm Ê DFE D(q ]FI v m�h
Dvα < Dvβ ⇐⇒ ϑv(Dv+1α) < ϑv(Dv+1β)

⇐⇒ (Dv+1α < Dv+1β & AHvDv+1α < Dvβ)%'�����
Dvα ≤ AHvDv+1β

�QMOj86O�FN�IG]F\¦<�9� v \��¦�¸M¸IK�¦L v I Ê IG\�N[m��9MO�¸I mQ�9IG\»+£\�h5MO�9Lfm��9J9]9E�¤ ° N�Z \�J9]F\�J
M

�9J9�
N

j�\�I
M ≤k N

] v \�IKgih;��\��9\��fmo\�J9� �¦IGm
∀γ ∈M∃δ ∈N(γ≤k δ)

E

��#<A�A�4 C �G¬
* M,+

D1α<k D1β & AH0α≤k AH0β & no(D0α) < q(no(D0β), k)
=⇒ D0α<k D0β

* ��+
u > 0 & Du+1α<k Du+1β & AHuα≤k AHuβ
=⇒ Duα<k Duβ





� ��� �����
* M,+�Z I m��9\�N ��J9\�N�Nk\�IKgih;�5MlN u \�IGm�j u;v MO�fj�\ v IK�x¯�IGJ7mo\�N u �FL<e�IGjkm�J%�fN

AH0α<k D0β Ê �
Ê \�IK]F\�J�Ef<\�I

γ ∈ AH0α
E<�QMOJ9J¿]OI v m γ≤k AH0β = AH0D1β < 6O\�N�] v \�IGgih9\�%�9� v \��¸�¸M

b<Ery < �9J9�
γ ∈ AH

E�Z�IGmw�9\�NY��\�I v m�\�N�� u;v MO�fj�\ v e$� v ]lm��5MOJ9J
γ <k D0β

E
* ��+À/�J5M v �F] Ê � * M#+��¦IGm�+£\�J;�fm Ê �9J9]¿�9\�N�%mo�fe$\�J u;v MO�fj�\ v*Ê \�IK]O\�J�¢wIKN

AHuα<k Duβ
E

�QMOjYIKj[m�¢wIK\�IGJ * M#+�M vGv \�j�E
sÇIK\ Ê �Ê6F�FNW6F\�N�j�LfN��%gih9\�J < ��\�¢³\�IKjk\�J�¢wIGN�J%�fJ < �5M)5��9IK\1J9\��9\�J���� vGv MO�9IG\�Nk�9J9]Fj[e$�9J u X
moIG�FJ9\�J�e ° N

p > 1
�?\�j�j�\�N�\¬/�N���\�I m v IG\�e$\�N�J�M v j£�9IK\_M v mo\�J¨E5<\�I

γ ≥ Ωp

EfsÇIGN�¢£\�N��9\�J
D0γ < ϑ0γ

Ê \�IK]F\�J�E�<\�I
δ ∈ AH0γ

E9s \�I v δ ≤ AH0γ
�fJ9�

δ ∈ AH
]FI v m < e$� v ]Om��¦IGmYfM3m Ê DFE D(q

δ < ϑ0γ,IKJfj���\�j��OJ9�9\�Nk\�M v j��1�¦IGm�<�9� v \��¦� M1b<Ery
AH0D1γ = AH0γ < ϑ0γ.s \�]F\�J
p > 1

�9Jf�
γ ≥ Ωp

jk\�h9\�J ¢wIGNwMO�B5F\�N��9\��
D1γ < Ωp ≤ γ

\�IGJ�E�+£\�IK�9\�j Ê �9joMl�¸�¦\�J�\�Nk]FIK�<mw�¸I mwfMlm Ê DFEGD q1�fIK\q+£\�h5MO�9Lfm��9J9]9E

� ��� � ��� ����� �(� � ���
� � ����� � � � � � ���� 

sÇIKN��f\TU5J9IG\�Nk\�Ja7k\�m Ê mY�9IK\ u � vKv MO�9IK\�N��5MlN�\��w\ v MlmoIG�FJ
�k

h
z #7ª«���$&(� }�� C � ,;�
* M,+

α <γ
k β :⇐⇒ α<k β & ∀l < p(AHlα≤k AHlβ ∪ AHlγ)

* ��+
α�

(1)
k β :⇐⇒ α <0

k β & no(α) < q(no(β), k)

* g +
α�

(l)
k β :⇐⇒ ∃δ0, . . . , δl(α = δ0 �

(1)
k . . .�

(1)
k δl = β)

sÇIKN�jkgih9N�\�IK��\�J IK� e$� v ]O\�J9�9\�JÇhÄ-O�ÊU5]
�k

j[miMlmkm
�

(1)
k

EwZ I m
α�k β

�¸\�IKJ9\�J¡¢wIKN
α�k β

�<�9\�N
α = β

E¨sÇIK\
<k

IKj[m_MO�9gih
�k

J9IKgih7m�moN�MOJ9j�I moIk6?E¨�QM Ê � ��\�jk�9gih9\�J ¢wIKN
�5MOjYM v mo\q+£\�IKjkL9IK\ v �9J9��N�\�gih9J9\�J �9IK\

AH0
X[Z \�J9]F\�J MO�9jTh

AH0((q(no(ω), k0) − 1) · n) = {1}

AH0(ω · n) = {ω}

AH0(ω
ω) = {ωω}





H�j�]OI v m�M v jk�¦MO�9gih��¸I m��9\��
k0

�9\�jY+³\�IKjkL9IK\ v j
(q(no(ω), k0) − 1) · n�k0

ω · n�k0
ωω.

�QM��9IG\Q�Y�FN�����\��fIKJ9]F�fJ9]�e ° N
(q(no(ω), k0)− 1) · n

�fJ9�
ωω ¢³\�I mo\�N�h9IGJo6F\�N v \
m Ê m�IKjkm <]FI v m�jk�F�¸I m�J9IGgih;m

(q(no(ω), k0) − 1) · n�k0
ωω.

/ v j��1IKj[m
�k0

J9IGgih7mYm�NoMOJfj�IGm�IP6�E
��IG\YJf\��9\��Y\ v Mlm�IK�FJ h9Mlm³MO�B5F\�N��9\�� J9IKgih7m �9IK\YH�IK]O\�J9jkgih5Mlenm < �9M)5`�¦IGm

α < Ωu+1
MO�9gih

α�k Ωu+1
]OI v m < 6F\�N�] v \�IGgih9\ �½\��¦�¸M¸b%Edp<E���\�J9JÈe ° N

α = 1
IKj[m

AH0α≤k AH0Ωu+1e M v j�gih�E
* � +£\
¢£\�IKjY�9\�jwJÄ-lgih9jkm�\�J �½\��¦�¸MOj�IKj[mw�9J9jw�5MOj�e$� v ]F\�Jf�9\_<�9� v \��¦� M�hfI v e$Nk\�IGgihih
º�'�:"! #%AtA 4 C � ,S,
* M,+

no(α) < q(no(β), k) =⇒ no(γ#α) < q(no(γ#β), k)

* ��+
no(α) < q(no(β), k) =⇒ no(Duα) < q(no(Duβ), k)

* g +
α<k β =⇒ AHpα≤k AHpβ

� ��� �����
* M,+ < * ��+#+£\�IG�9\�j�e$� v ]Om�j��le$�FNkmw�¦IGm �½\��¸�¸M1b<Erb * �"+ E
* g +���IG\�j���\�¢³\�IGj�\�JÁ¢wIGN��f�9N�gih * J9�f� u moIK�OJ J5MOgih

α<k β
E5sÇIKN��?\�MOgih7mo\�J»�9MO�?\�I < �5M)5

AHpα = {α}
]FI v m < e M vKv j α \�IGJ9\_MO�9�9I moIk6F\�¯�MO�9Lfm Ê MOh v IGjkm�E

�QMOjwe$� v ]F\�J9�f\ �*\��¸�¸M�¢³\�N��f\�J ¢wIGN�IKJ�j�LB-lmo\�N�\�J ��MOL9I mo\ v J�hÄ-O�ÊU9] MOJ7¢³\�J9�f\�J�E
��#<A�A�4 C � ,%C
* M,+

γ 6= 0 =⇒ 0�k γ

* ��+
α�(l)

k β =⇒ γ#α�(l)
k γ#β

* g +
α�(l)

k β =⇒ Duα�(l)
k Duβ

� ��� �����
* M,+��QM

AHl0 = ∅
IGjkm < IKjkm * M#+ u;v MON�E

* ��+1sÇIKN¸�?\�j�gih9N�-OJ u \�JÇ�9J9j�Ml�fe��9IK\ +£\�h5MO�9Lfm��9J9]
α�k β =⇒ γ#α�k γ#β

E
¯�IG\�N�MO�9j�e$� v ]Om"�9IK\À+³\�h5MO�fLfmo�9Jf]_�f�9N�gih * mo\�NoMlm�IK�FJ¨EFZ I m«\�IKJ9\�N * J9�9� u m�IK�FJ J5Mlgih

α<k βj�\�h9\�J�¢wIKN
α<k β =⇒ γ#α<k γ#β.





�QMO��\�I:6F\�Nk¢³\�J9�9\�J�¢wIKN IKJ¿M vKv \�J ¤f- vKv \�J¦�9IK\�Z � v moIK�¦\�Jf]F\�Jj6F\�N�] v \�IGgih9j u;v Ml�9j�\ v E7s�\�]F\�J
AHl(γ#α) = AHlγ∪AHlα

]FI v m AHl(γ#α)≤k AHl(γ#β)
E �½\��¦� MYb<E DFD * M#+¨jkm�\ vGv m�9IG\����FNk���?\��9IKJf]F�9J9]1j�IGgih9\�N�E

* g +�sÇIGN��?\
¢£\�IKjk\�J
α�k β =⇒ Duα�k Duβ

ES��IK\W+£\�h5MO�9L<mo�9J9]1e$� v ]Om�¢wIK\��9\�Nk�9�
�9�9Nkgih * m�\�NoM3moIK�OJ�E �½\��¦� M�b%EGDFD * �"+Qjkm�\ vGv m�h9IG\�N��9IG\1���FNk���?\��9IKJf]F�9J9]�j�IGgih9\�N�E*���9Nkgih
* J9�9� u m�IK�FJ�J5MOgih

u Ê \�IG]F\�J�¢wIKN
Duα<k Duβ

h

· u = p+ 1* J��9IK\�j�\���¤SM vKv IKjkmwJfIKgih7moj Ê � Ê \�IK]F\�J�E
· 0 < u ≤ p��MOgih <�f� v \��¸�¸MÈb%EGDFD * g +Q]FI v m�IG�x¤�M vKv u = p

MO�9gih
AHuα≤k AHuβ

E�Z�IGm
�9\�N * J9�9� u moIG�FJ9j26F�FN�MO�9j�jk\�m Ê �9J9] �9J9� �*\��¸�¸M1b<E�� * ��+³e$� v ]Om

Duα<k Duβ
E

· u = 0H�j¦]FI v m1�9IK\����ON�����\��9IGJ9]F�9Jf]
no(D0α) < q(no(D0β), k)

E�/ v jk� e$� v ]Om1�¦IGm
�½\��¦�¸M1b<Er� * M#+�MO�fgih

D0α<k D0β
E

* jkm
u ≤ l < j�� ]FI v m AHlDuα = {Duα}≤k{Duβ} = AHlDuβ

E£¤ ° N
u > l

IGjkm
AHlDuα = AHlα≤k AHlβ = AHlDuβ

E

� ��� � �� � ��� � �

<LÄ-3mo\�N ¢£\�N��9\�J¿¢wIKN�\�IGJ9\�J¿�_M vKu;°9v �¦IGm *
Ωu+1

+ X��w\�]F\ v ��\�J;�fm Ê \�J�EÄn¨�9N³¤5�FN���� v IG\�N��fJ9]
�9IG\�j�\�N��w\�]F\ v 6F\�Nk¢³\�J9�f\�J�¢wIKN£��\�Nk�¸\��¸I m£\�IKJ9\�� �Y�FJ7mo\ �<m�E9��\�N�H�IKJfe Mlgih9h9\�I m�h5M v ��\�N
J9\�J9J9\�Jt¢wIGN`�fIK\�jk\ ��\�Nk�¸\¸IK� e$� v ]F\�Jf�9\�J�� % ��� ���,� E*s�MOj`�5MOj�IGjkm < ¢³\�Nk�9\�Jt¢wIGN`J;�9J
�9\
U5J9IK\�N�\�J�E�<\�I

idu

�9IK\ * �f\�J7moI m�-lm_MO�<e³�f\�N_Z \�J9]F\ �9\�N_É�Nk�9IKJ9M vKÊ MOh v \�J < �9IK\ u;v \�IKJf\�N
�%�9\�Nw] v \�IKgih Ωu+1

j�IKJf��E
z #7ª«���$&(� }�� C � ,%¥
sÇIKN��f\TU5J9IG\�Nk\�J��9IK\_Z \�J9]F\

K
�9\�NY���FJ7mo\ �%mo\)h

· idu ∈ K & typ(idu) := u & idu[α] := α

· g ∈ K =⇒ γ#g ∈ K & typ(γ#g) := typ(g) & (γ#g)[α] := γ#g[α]

· g ∈ K & v > typ(g) =⇒ Dvg ∈ K & typ(Dvg) := typ(g) &
(Dvg)[α] := Dvg[α]

<gih9Nk\�IG�?\�J
g[α] < j��1j�\�I*IK�¦�¸\�N£IK�¦L v I Ê I m�6O�FNoMl�9j�]F\�j�\
m Ê m < �9M)5

α ≤ Ωtyp(g)+1
]FI v m E * �

e$� v ]F\�J9�f\�JÈjk\�IG\�J
f < g �9J9�

h
IK�¦�¸\�Nw���FJ7mo\ �%mo\OE!���9J u m * M#+��9\�j�JÄ-Ogih9j[mo\�J �*\��¸�¸MOj

Ê \�IK]Om < �5M)5¦�9IG\����FJ7mo\ �%mo\ Ê �9N
�k

X��w\ v M3moIK�OJ¿L5MOjkj�\�J¨E





��#<A�A�4 C � ,7·
* M,+

α�k β =⇒ f [α]�k f [β]

* ��+
f [Ωtyp(f)+1] ≥ Ωtyp(f)+1

� ��� �����
* M,+����9Nkgih * Jf�9� u moIG�FJ»J5MOgih

f Ê \�IG]F\�J ¢wIGNQ�¸I m �½\��¸�¸M¿b<E Dcb �9Jf�»�9\�N * Jf�9� u moIG�FJ9j[X
6F�ONoMO�9jkj�\
m Ê �fJ9]¿�5MOj 	�\�¢ ° Jfj�gih7mo\lE
* ��+À/��9gih��9IK\�j��?\
¢£\�IKj�\�J ¢wIGN�L?\�N * J9�9� u moIG�FJ�J5MOgih

f
E * � ¤�M vKv \ f = Dvg

�?\�MOgih7mo\�J
¢wIKN

v > typ(f)
E

� ���  ����� �
��� � ������ % '�� ����� �� 

��� �5MOjwJÄ-Ogih9j[mo\ �½\��¦� M Ê � Ê \�IK]O\�J < ��\�J;�fm Ê \�J�¢wIKN

q(m, k) + q(m, k) + 2 ≤ q(m + 1, k).

��IG\�j Ê \�IK]Om�\�J�¢wIKN½IGJ �*\��¸�¸Mwb<Erb * g +
E(¯YIK\�N��¦IGm u 3FJ9J9\�J_¢wIGN½J;�9J`�fIK\«e$� v ]F\�J9�f\�+£\�h9MO�9L<X
mo�fJ9] Ê \�IG]F\�J < ¢³\ v gih9\�¢wIKN�IG� +£\
¢£\�IKjY�9\�jYH v IG�¸IGJ5MlmoIG�FJ9j v \��¦�¸MOj��9NoMl�9gih9\�J�¢£\�N��9\�J�E

��#<A�A�4 C � ,%¼
α0 �k α =⇒ Dpα0#Dpα0 �k Dpα

� ��� �����
��� �9IG\Q�Y�FN�����\��fIKJ9]F�fJ9] Ê � Ê \�IK]F\�J < J;�fm Ê \�J¿¢wIKN �F�?\�J Ê I moIG\�Nkm�\�H�IG]F\�J9jkgih5Mlenm�6F�FJ

q
h

no(Dpα0#Dpα0) = no(α0) + no(α0) + 2

< q(no(α), k) + q(no(α), k) + 2

≤ q(no(Dpα), k)

/��fj
α0 �k α

e$� v ]lm��¸I m �½\��¦�¸M¸b%EGDcb * g +

Dpα0 �kDpα.

¤ ° N
l < p

IGjkm
AHlDpα0 = AHl(Dpα0#Dpα0)

E³<�F�¦IGm1]OI v m1�¦IGm1�f\�N4/��9�9IGm�IP6O\
X
¯�Ml�9Lfm Ê MOh v 2 X�� v Ml�9j�\ v

Dpα0#Dpα0 �k Dpα.

<\�I
D0

p0 := 0
�9J9�

Dl+1
p := Dl

pD
0
p0

E�n¨� �9IG\�j�\�N u%v \�IGJ9\�J ��\
U5J9IGm�IK�FJÁ��\�¢³\�IGj�\�J ¢wIKN
\�IGJ u%v \�IGJ9\�j �½\��¦� M@h





��#<A�A�4 C � ,%À
m < n =⇒ Dm

p 0�kD
n
p 0

� ��� �����
��Mlgih �½\��¦� M1b%EGDcb * M#+³]OI v m

0�kD
n−m
p 0.

s \�J9�9\�J ¢wIGN
m

X e MOgih �½\��¦� M1b<E Dcb * g +�MOJ < j��1j�IGJ9��¢wIGN�e$\�N[moIK]fE

� ��� � ��� � �
� ������� �� ��� � ������ % '�� ����� �� 

¤ ° N��5MOj�e$� v ]F\�Jf�9\ �½\��¦� M¦IKj[m�\�j�L9N�M u moI u Ml�?\ v�< �9IK\����FNk� MO�<e ���FJ7mo\ �%mo\�J Ê �»�f\TUfX
J9IG\�N�\�J�ES�QM¦�9IK\

Du

/�� u;° N Ê �9J9]F\�JÈe ° Nw]F\�j�gih5MOgih7m�\ v m�\ ϑv

j�IGJ9� < �¸MOgih7mY\�j�<IKJ9J < �¸I m
�9\�N����FNk�

no
�9IK\`IKJ \�IKJ9\��^�Y�FJ7mo\ �<m

f
\�J7moh5M v mo\�J9\�J

ϑv Ê � Ê -lh v \�Jih
no(idu) := 0 <

no(γ#g) := no(γ) + no(g) < no(Dvg) := 1 + no(g)
E

��#<A�A�4 C � , +
* M,+

no(f [α]) = no(f) + no(α)

* ��+
no(f [0]) < q(no(f [Ωu+1]), k)

* g +
no(D0f [0]) < q(no(D0f [Ωu+1]), k)

* ��+
no(f [Duf [0]]) < q(no(f [Ωu+1]), k)

� ��� �����
* M,+��QMOjYIKjkm�m�\�NkNoMlm�N�IP6%IKM v E* ��+w��IK\�j�e$� v ]Om�jk�Oe$�FNkmw�¦IGm * M#+£�9Jf� �9\�NwjkmoNk\�J9]O\�JÈZ �FJ9�Om��FJ9IG\86F�FJ

q
E

* g +��QMOjwIKj[mw\�IKJf\`¤5� v ]F\�Nk�9J9]1MO�fj * �"+
E
* ��+�sÇIKN���\��¦\�N u \�J Ê �9JÄ-lgih9jkm < �5M)5

no(Duα) = p−u+1+no(α)
IGjkm E%Z�IGm �*\��¸�¸M

b<Erb * ��+�e$� v ]Om£�5MOJ9Jih

no(f [Duf [0]]) = no(f) + no(f) + p− u+ 1

≤ no(f) + no(f) + p+ 1

< q(no(f) + 1, k)

= q(no(f [Ωu+1]), k)

��#<A�A�4 C � ,%Â
* M,+

AHvα≤k α

* ��+
α < Ωv+1 ≤ β & α ∈ AH =⇒ α<k β





� ��� �����
* M,+ Ê \�IG]F\�J�¢wIKN��f�9N�gih * J9�9� u moIG�FJ�J5MOgih

α
E

· α = 0��IG\�jk\�NY¤SM vKv IKjkmw\�IKJfe Mlgih�E
· α =NF ξ + η��MOgih * J9�9� u m�IK�FJ9j26F�FN�MO�9jkj�\�m Ê �9Jf] ]OI v m AHvξ≤k ξ < M v j��È�¦IGm�Z � v moIG�¸\�J9]F\�J<X

6O\�N�] v \�IGgih MO�9gih
AHvξ≤k ξ + η

E 	 v \�IGgih9\�j`]FI v m�e ° N
η
E«��MO�¸I m_IKjkm

AHvα =
AHvξ ∪ AHvη≤k ξ + η = α

E
· α = Duσ¯YIK\�N�jkIKJ9� Ê ¢£\�I"¤f- vKv \ Ê ���9J7mo\�N�j�gihf\�IK�f\�Jih

· v < u��MOgihÈ<�9� v \��¦� M¿DOEGDFD�IGjkm
AHvσ < Ωu

ESZ I mw�9\�N�%m��fe$\�J u%v MO�9jk\ v �9J9�
<�9� v \��¦� M1b<Ery�]FI v m��5MOhf\�N

AHvDuσ = AHvσ≤k Duσ
E

· v ≥ u�QMOJ9J�IKj[m
AHvDuσ = {Duσ}

E
* ��+1¤SM vGv j β ∈ AH

IKj[m < e$� v ]Om1�9IG\Æ+£\�h9MO�9Lfm��9J9]�jk�Oe$�FN[m¸L�\�N¸%m��fe$\�J u%v MO�9jk\ v E %�FJ9jkm
\
�<IGjkmoIG\�N[m

ξ ∈ AH
�9J9� \�IKJ

η
�¸I m

β =NF ξ + η
E��QM

Ωv+1
MO�f�9IGm�IP6F\ ¯�MO�fLfm Ê MOh vIKj[m < ���B5�MO�fe$]FNk�9J9� 6O�FJ

Ωv+1 ≤ β Ê �9�¦IKJ9�9\�jkm£�9\�N³]FN�3�5lmo\�<�9�¦� MOJf�46O�FJ
β

]FN�3)5F\�N
�%�9\�N_] v \�IKgih Ωv+1

j�\�IKJ�E
ξ

IKj[m�J;�9J \�IKJf\ MO�f�9IGm�IP6F\¦¯�MO�9Lfm Ê MOh v�< j�� �5M)5 ¢wIGN��¸I m��9\�N
%m��fe$\�J u;v MO�9j�\ v MO�fe

α<k ξ
jkgih v IG\�5F\�J < �9J9�¦�¦IGm Z � v moIG�¸\�J9]F\�JÁ6O\�Nk] v \�IKgih¦MO�fe

α<k ξ+
η = β

E

��#<A�A�4 C � ,%¬
α < Ωu+1 & u ≤ typ(f) =⇒ f [α] <α

k f [Ωu+1]
� ��� �����
sÇIKN Ê \�IG]F\�J��9IK\q+³\�h5MO�fLfmo�9Jf]¸�9�fN�gih * Jf�9� u moIG�FJ�J5MOgih

f
h

· f = idv	�\�� -)5 �½\��¦� M1b%Edp�]FI v m α<k Ωu+1 < IGJ9j���\�jk�FJ9�9\�N�\`M v jk� α <α
k Ωu+1

E
· f = γ#g��MOgih * J9�f� u moIK�OJ9j�6O�FNoMO�fj�j�\
m Ê �9J9] ]FI v m g[α]<k g[Ωu+1] < �¦IGm¸Z � v moIG�¸\�J9]F\�J<X

6O\�N�] v \�IGgih γ#g[α]<k γ#g[Ωu+1]
E£¤S\�N�J9\�N¸e$� v ]Om¸�9J7mo\�NÆ+³\�J;�fm Ê �9J9] �9\�N * J<X

�9� u m�IK�FJfj�6F�ONoMO�9jkj�\
m Ê �fJ9]Bh

AHl(γ#g[α]) = AHlγ ∪ AHlg[α]
≤k AHlγ ∪ AHlg[Ωu+1] ∪ AHlα
= AHl(γ#g[Ωu+1]) ∪ AHlα





· f = Dvg��MOgih ��\
U5J9IGm�IK�FJ �9\�N`���OJ;m�\
�%mo\ ]FI v m 0 ≤ u < v
E�Z�IGm`�9\�N * J9�9� u moIG�FJ9j26F�FN�X

MO�fj�j�\
m Ê �9J9] <
g[α] <α

k g[Ωu+1],

Ê \�IK]O\�J�¢wIKN

Dvg[α]<kDvg[Ωu+1]

�9�fN�gih ��\���\�JfIKJ9�9� u m�IK�FJ�J5MOgih
v
h

· v = p/��9j
g[α]<k g[Ωu+1]

e$� v ]Om Ê �fJÄ-Ogih9j[m
AHpg[α]≤k AHpg[Ωu+1]

�¸I m
<�9� v \��¦� M b<E DFD * g +
EY¯YIK\�Nk�¸I m v IG\�e$\�N[m��9J9j �*\��¸�¸M b<E�� * �"+��5MOj 	�\
X
¢ ° J9j�gih7m�\)h

Dpg[α]<kDpg[Ωu+1]
E

· u < v < pH�jYN�\�IKgih7m
AHvDv+1g[α]<kDvg[Ωu+1]

Ê � Ê \�IG]F\�J¨E���\�J9J �5MOJfJ e$� v ]Om��¦IGm��9\�N¦��\��?\�J9IKJf�9� u moIG�FJ9j�6O�FNoMl�9j�jk\�mkX
Ê �9J9]

Dv+1g[α]<kDv+1g[Ωu+1]
�9J9���f\�N`��J9\�N�N�\�IKgih;�5MON u \�IGmoj u;v MO�9jk\ v

Dvg[α]<kDvg[Ωu+1]
Ew��MlgihË¯�MO�9Lfm�IKJ9�9� u m�IK�FJfj�6F�ONoMO�9jkj�\
m Ê �fJ9]~¢wIGj[X

j�\�J�¢wIKN
AHvDv+1g[α] = AHvg[α]

≤k AHvg[Ωu+1] ∪ AHvα
= AHvDv+1g[Ωu+1] ∪ AHvα.<\�I

γ ∈ AHvDv+1g[α]
E��QMOJfJ IGjkm

γ
\�IGJ9\ MO�f�9IGm�IP6F\�¯�MO�fLfm Ê MOh v E�sÇIKN

�9J7mo\�Nkj�gih9\�IK�9\�J �9Nk\�I*¤0- vGv \�h

· γ < Ωu+1
ESs \�]F\�J

u + 1 ≤ v
e$� v ]lm

γ <k Dvg[Ωu+1]
�¦IGm��9\�N

%mo�<e$\�J u;v Ml�9j�\ v E
· Ωu+1 ≤ γ≤k AHvα

ElZ IGm �½\��¦� MYb<E D(� * M#+��9J9�_¢£\�]F\�J
u+1 ≤

v
e$� v ]Om Ê �9JÄ-Ogih9j[m

γ ≤ AHvα ≤ α < Ωu+1 ≤ Dvg[Ωu+1]
�9J9�

h9IK\�NoMO�fj��¸I m �½\��¦� M1b<E D(� * �"+
γ <k Dvg[Ωu+1]

E
· Ωu+1 ≤ γ≤k AHvDv+1g[Ωu+1]

E�Z IGmÁ�9\�NÁ�"\�I v m�\�Nk� u;v Ml�9j�\ ve$� v ]lm γ <k Dvg[Ωu+1]
E

/ v jwJÄ-Ogih9j[mo\�j Ê \�IK]F\�J ¢wIKNw�9IG\·+³\�h5MO�fLfmo�9Jf]F\�JÈe ° N��9IG\_���%\�� Ê IG\�J7mo\�J9�¸\�J9]F\�J
AHl

h





· l < vZ IGm�<�f� v \��¸�¸M1b<Ery �fJ9� �f\�N * J9�9� u m�IK�FJ9j26F�FN�MO�9jkj�\�m Ê �9Jf] e$� v ]lm�h
AHlDvg[α] = AHlg[α]

≤k AHlg[Ωu+1] ∪ AHlα
= AHlDvg[Ωu+1] ∪ AHlα

· l ≥ vH���\�J¦joMlh9\�J ¢wIKN
Dvg[α]<kDvg[Ωu+1]

E7�QM
AHlDvg[α] = {Dvg[α]}�9J9�

{Dvg[Ωu+1]} ⊆ AHlDvg[Ωu+1] ∪ AHlα
]FI v m < jkIKJ9��¢wIGN�jk�F�¸I m

e$\�Nkm�IK]9E

* ��¤SM vKv f = Dvg
�9\�j�6F�ON�IK]O\�J +£\�¢³\�IGj�\�j�¢wIKN����9IG\`�YJ9\�NkN�\�IKgih;�5MON u \�I moj u%v MO�9jk\ v �Fh9J9\

���ON�����\��9IGJ9]F�9Jf] MOJ9]O\�¢£MOJ9�fm�E«¯�IG\�N v -)5lm`jkIKgih �9IG\ �Y�F�¦L v I Ê IK\�Nkm�h9\�I mR6F�FJ
α < JfIKgih7moj

MOJ9�f\�N�\�j��¸IP5Om
no(α) < J9IKgih7m u �FJ7moNk� vKv IK\�Nk\�J�E<��IG\�j£IGjkm£�9\�N 	�N��fJ9� < ¢£MONk�9���fIK\Q�Y�FN�� X

��\��9IGJ9]F�9J9] IKJ �9\�N
<k

X �Y\ v Mlm�IK�FJ < ��\TU9J9IGm�IK�FJ�b<E�q < J9IKgih7m ° �?\�NoM vGv ]F\�e$�ON��9\�Nkm_¢£\�N��9\�J
�5MON[e�E
�QMOj�e$� v ]F\�J9�9\ �½\��¸�¸M�¢wIGN��t\�IK]F\�J;m v IGgihtJ;�9N�e ° N`�9\�J ¤SM vKv g = f

]F\��fNoMO�9gih7m�E���\�N
+£\
¢£\�IKjY\�Nke$�ON��9\�NkmY�9IK\8V�\�NoM vGv ]F\��¸\�IKJ9\�N��9Jf]9Ef��M Ê ���9\TU9J9IK\�N�\�J�¢wIKN

g ⊆ f :⇐⇒ typ(g) = typ(f) & ∃h∈K∀α≤Ωtyp(g)+1(h[g[α]] = f [α]).

H�j�]FI v mwM v j��¦MO�fgih
f ⊆ f

E�+£\T6O�FN�¢wIGN07k\��9�%gih Ê �f� +£\�¢³\�IGj��9\�j �½\��¦�¸MOj�j�gih9Nk\�I mo\�J <��\�¢³\�IKjk\�J�¢wIKN�\�IGJ <�9� v \��¦� MÊh
º�'�:"! #%AtA 4 C �GC5�
* M,+

u ≤ typ(f) =⇒ AHvf [0]<kDvf [Ωu+1]

* ��+
u ≤ typ(f) =⇒ Dvf [0]<kDvf [Ωu+1]

* g +
g ⊆ f & typ(f) ≥ v =⇒ AHvg[α] ⊆ AHvf [α]

* ��+
AHvα<k Dvα

� ��� �����
* M,+�Z IGm �*\��¸�¸M b<E D � * M#+1e$� v ]Om

f [0]�k f [Ωu+1] < M v jk� AHvf [0]≤k AHvf [Ωu+1] <�9J9��¢wIK\�IG� +£\
¢£\�IKjÀ6F�FJ �½\��¦� M¦b<E�� \�Nk]FIK�fm�j�IKgih�j��le$�FNkm
AHvf [0]<k Dvf [Ωu+1]

E
* ��+�sÇIGN��?\
¢£\�IKjk\�JÈ�fIK\R/��fj�joMl]F\��9�9N�gih * J9�9� u m�IK�FJ�J5MOgih

v
h

· v = p+ 1��MOgih �½\��¸�¸M1b<E D(� ]FI v m f [0]<k f [Ωu+1]
E





· 0 < v < p+ 1��\�I v * M#+ v IK\
e$\�Nkm AHvf [0]<k Dvf [Ωu+1]
�fJ9�o6F�FJ �9\�N * Jf�9� u moIG�FJ9j�6O�FNoMl�9j�jk\�mkX

Ê �9J9]�\�Nkh5M v m�\�J ¢wIGN
Dv+1f [0]<k Dv+1f [Ωu+1]

E½�QMOj�\�N�]FIG�fm Ê �fjoMO�¦�¸\�J»�¸I m
�9\�NY��J9\�N�N�\�IKgih;�5MON u \�IGmoj u;v MO�9jk\ v Dvf [0]<k Dvf [Ωu+1]

E
· v = 0¯YIK\�N³]F\�hf\�J¿¢wIKN�¢wIK\�IK�g6F�ON�IK]O\�J ���9J u mÀ6O�FN£�9Jf���?\�MOgih7mo\�J Ê �9j.-lm Ê�v IKgih �½\�� X

�¸M1b<E Dcy * g +
E
* g +£sÇIKN Ê \�IK]F\�J��9IK\q+£\�h5MO�9L<mo�9J9]¸�9�9Nkgih * J9�f� u moIK�OJ J5Mlgih

f
h

· f = g��IG\�jk\�NY¤SM vKv IKjkm�m�\�NkNoMlm�N�IP6%IKM v E
· f = γ#h��MOgih * Jf�9� u moIG�FJ9j�6O�FNoMl�9j�jk\�m Ê �9J9]¿]OI v m

AHvg[α] ⊆ AHvγ ∪ AHvh[α] = AHv(γ#h[α]).

· f = Dlhs \�]F\�J �f\�N * J9�9� u m�IK�FJ9j26F�FN�MO�9jkj�\�m Ê �9Jf]¿�9J9�
l > typ(f) ≥ v

e$� v ]lm

AHvg[α] ⊆ AHvh[α] = AHvf [α].

* ��+³<\�I
γ ∈ AHvα

Ej/ v jk�`]OI v m γ≤k AHvα = AHvDv+1α
E%Z I m³�f\�N �"\�I v m�\�Nk� u;v Ml�9j�\ v�%�9\�Nw�¦IGm��9\�N�%mo�fe$\�J u;v MO�fj�\ v e$� v ]Om��9MOj 	�\
¢ ° J9j�gih7m�\OE

��#<A�A�4 C �GC½,
typ(f) ≥ u ≥ v & g ⊆ f =⇒ AHvg[Duf [0]]<k Dvf [Ωu+1]

� ��� �����
sÇIKN Ê \�IG]F\�J��9IK\q+³\�h5MO�fLfmo�9Jf]¸�9�fN�gih * Jf�9� u moIG�FJ�J5MOgih

g
h

· g = idl & l ≥ uZ I m * �"+£�fJ9� * M#+£�9\�jQ<�f� v \��¸�¸MOjwb<ErbO��e$� v ]Om�e$� v ]F\�J9�f\�j�h
· u = v AHvDuf [0] = {Duf [0]}<kDvf [Ωu+1]

· u > v AHvDuf [0] = AHvf [0]<kDvf [Ωu+1]

· g = Dlh & l > u ≥ vZ I mw�9\�N * J9�f� u moIK�OJ9j�6O�FNoMO�fj�j�\
m Ê �9J9]¿]FI v m

AHvDlh[Duf [0]] = AHvh[Duf [0]]<k Dvf [Ωu+1].





· g = γ#h��IG\�j�IGjkm�MO�fj�J5MOhf�¸j[¢£\�IKj�\Á�9\�N�IKJ7mo\�N�\�j�joMlJ;m�\ ¤�M vKv E�s \�]F\�JÇ�9\�N * J9�f� u moIK�OJ9j[X
6O�FNoMO�fj�j�\
m Ê �9J9] �fJ9�

AHv(γ#h[Duf [0]]) = AHvγ ∪ AHvh[Duf [0]]
IKjkmwJ;�9N

AHvγ <k Dvf [Ωu+1] Ê � Ê \�IK]O\�J�E?��IK\�j�IGjkm��¸I m ���9J u m * g +w�9J9� * �"+Y�9\�jY6O�FN[X
MOJf]F\�]7MlJ9]F\�Jf\�JÈ<�9� v \��¦� MOj v \�IGgih7mw\�IKJ Ê �9jk\�h9\�Jih

AHvγ ⊆ AHvγ ∪ AHvh[Ωu+1]
= AHvg[Ωu+1]
⊆ AHvf [Ωu+1]
<k Dvf [Ωu+1]

��\�N 	�\��9NoMl�9gih �9\�N��"\�I v �¦\�Jf]F\�J9Nk\ v MlmoIG�FJÁIK� v \
m Ê mo\�J +³\�¢³\�IKj�IKjkm`�9\�N
≤k

X��w\ v MlmoIG�FJ
�9J;��\��9IGJ9]Om,6F�FN Ê � Ê IK\�h9\�J < �5M�� MlJ v \�m Ê mo\�J9� v IKgih¸MO�fe��fIK\

<k

X �Y\ v Mlm�IK�FJ�jkgih v IG\�5F\�J¸¢wI vKv�<¢³\ v gihf\`J9IGgih7mYm�NoMOJfj�IGm�IP6¸IKj[m < ¢wIG\�¢wIGN�¢£\�IGm�\�Nw�F��\�J�\�IGJ9]F\�jk\�h9\�JÈh5Ml�?\�J�E
��#<A�A�4 C �GCSC
* M,+

l < typ(f) & AHlα≤k AHlβ =⇒ AHlf [α]≤k AHlf [β]

* ��+
l < typ(f) & γ#h ⊆ f =⇒ AHlγ ⊆ AHlf [β]

* g +
l < u ≤ typ(g) & AHlα≤k AHlβ & g ⊆ f
=⇒ AHlg[Duf [α]]≤k AHlf [β]

� ��� �����
* M,+Y��IG\·+³\�h5MO�fLfmo�9Jf] u 3OJ9J9\�JÈ�9�9N�gih * J9�9� u moIG�FJÈJ9MOgih

f Ê \�IK]F\�J�E * �^¤SM vGv f = Dvg��\ MOgih7mo\�J ¢wIGN
v > typ(f) > l

�9J9�È<�9� v \��¦�¸M1b<Edy%E
* ��+���IK\�j v -)5Om�j�IGgih \���\�Jfe M vGv j��f�9N�gih * J9�9� u m�IK�FJ J5Mlgih

f Ê \�IG]F\�J¨E���\�N * Jf�9� u moIG�FJ9j[X
MOJfe MlJ9]

f = γ#h
IKj[m¸\�IKJfe Mlgih�E���\�N¸¤SM vKv f = δ#g

]F\�h7m¦e MOjkm¦]F\�J5MO�9jk�9E * � ¤SM vKv
f = Dvg

��\ MOgih7mo\�J ¢wIGN
v > typ(f) > l

�9J9�È<�9� v \��¦�¸M1b<Edy%E
* g +£sÇIKN Ê \�IK]F\�J��9IK\R/��9j�j�MO]F\_�9�9N�gih * J9�9� u m�IK�FJ�J5MOgih

g
h

· g = idtyp(g)��IG\�jk\�NY¤SM vKv e$� v ]Om��¸I mY<�9� v \��¦� M�b<Edy �9J9����\�I v * M#+ E
· g = Dvh��MOgih���\TU5JfIGmoIG�FJo6F�OJ

g
IKj[m

l < typ(g) < v
E5<�9� v \��¦�¸M b<Ery v IK\
e$\�N[m�IKJ��Y�F� X

�9IGJ5Mlm�IK�FJ��¦IGm£�9\�N * J9�9� u m�IK�FJfj�6F�ONoMO�9jkj�\
m Ê �fJ9]

AHlg[Duf [α]] = AHlh[Duf [α]]≤k AHlf [β].





· g = γ#hZ I mw�9\�N * J9�f� u moIK�OJ9j�6O�FNoMO�fj�j�\
m Ê �9J9]¿�9Jf� ��\�I v * �"+£e$� v ]Om

AHlg[Duf [α]] = AHlγ ∪ AHlh[Duf [α]]
≤k AHlγ ∪ AHlf [β]
= AHlf [β].

º¨4f&(6 C �GCS¥
v ≤ u ≤ typ(f) < p =⇒ Dvf [Duf [0]]�kDvf [Ωu+1]

� ��� �����
sÇIKN��?\
¢£\�IKj�\�J Ê �9JÄ-lgih9jkm¦�9IG\o/��9jkjoMO]O\¿e ° N

<k

�9�9Nkgih * J9�9� u moIG�FJ J5MOgih
v
E 	�\�� -)5

�½\��¦� M�b<EGD ��IKj[m
f [Duf [0]]<k f [Ωu+1]

E9�QMO�¦IGm£IKj[m��9\�N * J9�9� u moIG�FJ9j�MOJfe MOJ9] ]O\ Ê \�IK]Om <
v = p+1

E7sÇIKN�\�Nkh5M v mo\�J AHvDv+1f [Duf [0]] = AHvf [Duf [0]]<kDvf [Ωu+1]
�¸I m

�½\��¦� MÁb%Edb<DOE,n¨�9joMl�¸�¦\�J �¦IGm��9\�N * J9�9� u m�IK�FJfj�6F�ONoMO�9jkj�\
m Ê �fJ9]�jkgih v IG\�5F\�J ¢wIGN��¸I m
�9\�N��YJ9\�NkN�\�IKgih;�5MON u \�I moj u%v MO�9jk\ v MO�fe

Dvf [Duf [0]]<kDvf [Ωu+1],

¢³�F�?\�I?IG� ¤SM vKv \ v = 0
�½\��¦� M_b<E Dcy * �"+��9J9��%�9� v \��¸�¸M_b<E DFD * �"+ Ê � ��\ MOgih7m�\�J¿jkIKJ9��E

�½\�m Ê mo\�N�\wjkm�\ vGv \�J1Ml�9gih1�9IK\��Y�FN����?\��9IKJ9]O�9J9]�e ° N
�k

j�IGgih9\�N�E7¤ ° N
l ≥ v

]OI v m"�¦IGm«�f\��
\���\�J ]F\ Ê \�IG]Omo\�J

AHlDvf [Duf [0]] = {Dvf [Duf [0]]}≤k{Dvf [Ωu+1]} = AHlDvf [Ωu+1].

¤ ° N
l < v

]FI v mY¢£\�]F\�J
l < u ≤ typ(f)

�9J9�
AHl0 = ∅≤k AHlΩu+1

�¦IGm �*\��¸�¸M
b<ErbFb * g +

AHlDvf [Duf [0]] = AHlf [Duf [0]]≤k AHlf [Ωu+1] = AHlDvf [Ωu+1].

�QMO�¦IGm�h5MO��\�J�¢wIKN��9\�J�6O\�N����fm v IKgih�j�gih7¢£\�N�j[mo\�J +³N��%g u \�J �?\
¢wIK\�j�\�J¨E

� ����� � �  ��� � � �� � % � � � � '�� %��� � ��� )� �� � ���� ��� 
H�IKJ»���9L�\ v 6O�FJ É�Nk�9IKJ9M vKÊ MOh v \�J α0, . . . , αn

jkgih9N�\�IK��\�J»¢wIKN
(α0, . . . , αn)

E��½\�m Ê mo\�N�\�jJ9\�J9J9\�J�¢wIKN�\�IKJ9\�J /��9jkm�IK\�]1\�J;m v MOJf]
<k

�9\�N ��-lJ9]F\
n < e M vGv j

αn<k . . . <k α0

]FI v m Ef¤ ° N�\�IKJ9\_MO� Ê -Oh v �5MON�\_ÉQNk�9IKJ5M vKÊ Mlh v α jk\�I
�

α := {(α0, . . . , αn) : αn<k . . . <k α0 = α}





�9IG\£Z�\�J9]F\ M vGv \�Ni/��9j[moIG\�]F\�6F�OJ
α

E ��IK\³Z \�J9]F\ �
α

IGjkm�\�IGJ¬+£MO�9�®�¦IGm½�f\�N½s��fN Ê \ v (α)
E

�QM Ê �9��\�IKJ9\�J �¦IGm
α

MO�9gihÈM vKv \�MOJ9�f\�N�\�JÁÉQN��9IGJ5M vGÊ MOh v \�J�IG� +�MO�9� �
α

MO� Ê -Oh v �5MON
j�IGJ9�_�9J9� Ê �9��MOJ9�f\�N�\�J`e ° N@7k\��9\�j

γ
�9IG\ Z \�Jf]F\

{β : β <k γ < Ω1}
\�J9� v IKgih_IKjkm < �9\�JfJ

e ° N
β

�9J9�
γ

�¦IGm
β <k γ < Ω1

]FI v m��9IG\¸�Y�FN����?\��9IKJ9]O�9J9] < IGjkm_�9\�N¬+�MO�f� \�J9� v IKgih6F\�N Ê ¢£\�IK]Om�E5��\�N¨+�MO�9� IGjkm£e$�fJ9�9IK\�Nkm < �9M`¢wIKN³\�J7m v MOJ9] ÉQNk�9IKJ5M vKÊ Mlh v \�J MO�fjkmo\�IK]F\�J¿�9J9�
�9IG\�j�\�e$�9J9�fIK\�N[m¦j�IKJf��E,/ v jk� e$� v ]Om1�¦IGm1�9\�� �½\��¦� MN6F�OJ����fe"´ � < �5M)5 �9\�Nc+�Ml�9�
�

α

\�Jf� v IGgih¡IKj[m E³Z IGm�h9IKJ~IKj[m �9IG\ÈJÄ-lgih9jkm�\»��\TU9J9IGm�IK�FJ~j�IKJfJÁ6O� vKv �9J9�Æ�9IK\ �9\TU5JfIK\�N[mo\
¤5�9J u moIG�FJ�¢£�Oh v �9\
U5J9IG\�Nkm�E
z #7ª«���$&(� }�� C �GC9· ¤ ° N

α < Ω1
�9\TU9J9IK\�N�\�J�¢wIKN�¢wIG\_±�T0[\J"´P]S²I[\F _·A*²"´½IKJ M DTO

Gkα := max{n ∈ ω : ∃α0, . . . , αn(αn<k . . . <k α0 = α)}�9IG\ ��-lJ9]F\��9\�j v -OJ9]Fj[mo\�J�/��fjkmoIG\�]Fjw\�J;m v MOJf]
<k

E
¤ ° N�\�J9� v IKgih9\¸ÉQN��9IGJ5M vGÊ MOh v \�J < M v j��¿e ° N�J5Mlm ° N v IKgih9\»n�MOh v \�J < j[moIK�¦�¦\�J

<k

�9J9�
�k�¦IGm

< ° �?\�N�\�IKJ < ¢wIG\Q¢wIKN�J;�9J j�\�hf\�J ¢³\�Nk�9\�J¨E
º�'�:"! #%AtA 4 C �GCS¼
* M,+

m < n ⇐⇒ m<k n* ��+
m < n ⇐⇒ m�k n

� ��� �����
* M,+4n¨\�N v \�]F\�J ¢wIGN

m = 1# . . .#1#0 . . .#0
IGJ
n

<�9�¦�¸MOJ9�9\�J < j��Áe$� v ]lm ¢£\�]F\�J
0<k 1

�¸I m��9\���Z � v moIK�¦\�Jf]F\�Jj6F\�N�] v \�IGgih m<k n
ES��IG\�� ° g u NkIKgih7mo�fJ9] IGjkm�moNkIP6%I¶M v E* ��+w��IK\�jkm�N�\�J9]F\�Z �FJ9�Om��FJ9IG\86F�FJ

q
\�Nk]FIK�<m

m ≤ q(m, k) < q(n, k)�9J9� j��F�¦IGm��9IK\�]F\
e$�FN��f\�Nkm�\_���FNk���?\��9IKJf]F�9J9]9EÊ/��B5F\�N��9\���IKj[m
AHlm = {ϑ00}

E5��IK\�j
moNkI���m�e ° N�M vKv \`J9Mlm ° N v IGgih9\�J n�Mlh v \�J Ê �¨EÇ/ v j�� e$� v ]Om��¸I m * M#+Y�fIK\a+³\�h5MO�fLfmo�9Jf]9E?sÇIG\
X
�9\�N��9��IGjkmw�9IG\�� ° g u NkIKgih7mo�9Jf]¸moNkIP6%I¶M v E

��#<A�A�4 C �GCSÀ �����
α < Ω1

� � �
β < Ω1

������ (
* M,+

α<k β =⇒ Gkα < Gkβ* ��+
α�k β =⇒ Gkα�k Gkβ

� ��� �����
* M,+�<\�I

n = Gkα
E5�QMOJ9J�]FIG�fmw\�j

α0, . . . , αn

�9\�N�MONkm < �5M)5
α0<k . . . <k αn = α<k β]FI v m E@/ v j��1IKj[m

Gkα < Gkβ
E

* ��+YZ�IGmw�F�9IG]F\�� <�9� v \��¦� M��fJ9� ��\�I v * M,+³e$� v ]Om��5MOj 	�\
e$�FN��f\�Nkm�\�j��Oe$�ONkm E





� �Ç�����
�`� 
 ��� �_�"�
�w� �
	*���"�
���"	*��� ��� �Æ���¦	*� ����
� ��� ��� 	*���`���w�

�	��� � ����� � �*� '����
L

¤5� v ]O\�J9�9\Wn¨\�IKgih9\�J �fI v �f\�J��9IK\ 	�N��fJ9� v Ml]F\Q�9\�NY\�N�j[mojkm��ÊU5]F\�J»<LfNoMOgih9\
L

h

· �½�F]FIGj�gih9\¬n¨\�IKgih9\�J
· dO�9J u mo�FNk\�J

¬ ∧ ∨

· +��9MOJ7mo�FNk\�J
∀ ∃

· MO� Ê -lh v �5MlN#6<IG\ v \Wn�MOh v \�Jj6OMlN�I¶Ml� v \�J x x0 x1 y y1 y2
E�E�E
z

· ¯�I v e$j Ê \�IKgihf\�J
( )

· �YIKgih7m v �F]FIKjkgih9\Wn¨\�IGgih9\�J
· \�IKJ��Y�FJ9jkmoMOJ7mo\�J Ê \�IKgih9\�J

0

· \�IKJ�\�IKJ9j[mo\ vGv IG]F\�j�¤5�9J u m�IK�FJfj Ê \�IKgih9\�J
S

· ��N�-O�9I u M3moj Ê \�IGgih9\�J¦e ° N£M vKv \�LfN�IK�¦IGm�IP67X Nk\ u �9Nkj�IP6O\�J ��N.-l�9I u Mlm�\ < �9J7mo\�N£IGh<X
J9\�J

=
�9Jf�

<

��IG\ Z�\�J9]F\1�9\�N
L

X ��\�Nk�¸\ IGjkm��9IG\ u%v \�IGJ9jkm�\¦Z \�J9]O\ < �9IK\ �9MOj_���FJ9j[miMOJ7m�\�J Ê \�IKgihf\�J �
�9J9� M vGv \qn�MOh v \�Jj6lMONkI¶MO� v \�J�\�J;m�hÄ- v mw�9J9���9IK\��9J7m�\�Nw�9\���¤5�9J u m�IK�FJfj Ê \�IKgih9\�J

S
MO�9]O\
X

j�gih v �Fjkj�\�J1IGjkm E
L

X �"\�N��¦\£��\ Ê \�IKgih9Jf\�J�¢wIKN"�¸I m
s, t, t0, t1 . . .

��IK\³�?\�j��FJf�9\�Nkj�¢wIKgih7moIG]F\�J
L

X �"\�N��¦\
0, S0, SS0 . . .

h9\�I�5F\�J � �� &���$
��� E½���^�9IK\�j�\ IKJÁ¤5�FNk�¸\ v J Ê � ��\ Ê \�IGgih9J9\�J <¢³\�N��f\�J»¢wIKN u;v \�IGJ9\ v Mlm�\�IKJfIKj�gihf\·+£�fgih9jkmoMO�?\�J»¢wIK\_\�m ¢£M
u, v, j, n,m . . .

6F\�N[¢£\�J9�9\�J�E
��N�\�m�\�J/�9IG\�jk\Nn¨\�IKgih9\�J¡IK� ��\
�%m¿�%�9\�N M v j ¯Y\�N v \�I mo�9Jf]Fjkm�IK\�e$\�J¡MO�<e < jk���¦\�IGJ9\�J ¢wIKN
�5MO�¦IGm��9IK\��9\�� Ê �9]O\�hB3FNkIK]F\�J����9�¦\�N�M v \�J7m�j�L9Nk\�gih9\�J9�9\�\�gih;m�\`J9Mlm ° N v IGgih9\Wn�MOh v E* jkm

R
\�IKJ

n
X j[mo\ vKv IG]F\�j���N.-O�fI u Mlmoj Ê \�IKgih9\�J < jk���?\ Ê \�IGgih9J9\�JÁ¢wIGN��9IG\�¤5�FNk�¸\ v JÈ�f\�N 	�\
X

jkmoM v m Rt1 . . . tn �9J9�
¬Rt1 . . . tn

M v j 
����� �  &��� ��� � � ��� ���� � % �� &����� E 9 <� v gih9\w¤5�FNk�¸\ v JJ9\�J9J9\�J»¢wIGN � 
 � � < e M vKv jYjkIK\_IK�^%moMOJ9�5MONk�9�¦�<�9\ vKv ] °fv moIG]¸jkIKJ9� < �9Jf� ��
� � � � < e M vKv j�jkIK\
J9IGgih;m ¢�MOhfN¿j�IGJ9��E³��IK\ÁZ�\�J9]F\È�9\�N

L
X�¤5�FN��¦\ v J j�\�I��9IK\ u%v \�IGJ9jkm�\»Z \�J9]F\ < �9IK\ÈM vKv \

r ªI{8��uwtÀy\z�u� #u���uw�qz�t����\z�£�uw�
t2vW��z��T��uw�.{���t#�\v���t�z,Ã�t��T{���u��Tv¬{
¹\�
t�£�}|~\�w�T£�£�t2vW£�u�v�� ¡ ~^������t�v·¸Kuwz�{�� ¢�\�Tz� #t���v4�\t2z	�ft�£ �|{����
¬Rt1 . . . tn

�Tt2z��2u¤}|~���t2v»��

v\v^t2vÁ��%  v^�
}|~^£���t�v µ ¹^£�}|~\v\u����#u¤£ �¨t�£¨{�¹)t2z
v\�
� ¸«t�v^��uw� ¡ �2¸Ku¤£�}|~\t�v4y)�T£�u©��u��Tt2  �\v^� v\t��T{���u��Tt2  µ � ¢ ��z�t¶��t�v t�u�v^t2z#��z�u�  ¢ �
z� #t2�i�\v���t�z�£�}|~\t�u ���t�v ���c��

v\v^t2vÁ�ÄªIt�£�~^{��w¹ u¤£��#t�£#~\uw� ¢ z�t2u¤}|~ ¡ ��uwtR��z�u�  ¢ �
z� #t2�wvc{
�^}|~ £�É�v���{�����uw£�}|~4�\v���t2z���t� 
Ã�t��T{���uw�
v^£��2t�uw}|~\t�vY{
¹\�
t�£�}|~\�w�T£�£�t2v�����¸Ku¤£�£�t�vÁ�





MONkIGmohf�¸\
moIKjkgih9\�J ��N�IG�¦e$�FNk�¸\ v J¿\�J7mohÄ- v mY�9J9�È�f\�jk¢³\�I mo\�N�\�J»�fJ;m�\�N����FJ\7k�9J u moIG�FJ < ��IGj[X
7k�9J u m�IK�FJÁ�9J9� +Q�5MOJ7m�IPU Ê IK\�Nk�9J9]�MO�f]F\�jkgih v �Fjkj�\�J IGjkm E

L
X�¤5�FNk�¸\ v J �?\ Ê \�IGgih9J9\�J ¢wIGNQIKJ

�9\�N"¤5� v ]F\«�¦IGm¨]FN���5O\�J v Mlm�\�IGJ9IKjkgih9\�Jq+£�fgih9jkmoMO�?\�J`¢wIG\�\�m ¢£M
A,A0, A1, . . . , B, C

�%�9\�N
F

E
Z I m

¬A
�¦\�IGJ9\�J�¢wIKN��fIK\_¤5�FN��¦\ v�< �9IG\�MO�9j

A
\�J7moj[mo\�h7m < ¢³\�J9J�¢wIKN

∧
�9Jf�

∨ < ∀ �fJ9�
∃ < Rt1 . . . tn �9J9�

¬Rt1 . . . tn
6F\�NkmoMO�9j�gihf\�J�E5¤5\�N�J9\�N�6F\�Nk¢³\�J9�f\�J�¢wIKN³M v jx/�� u;° N Ê �9Jf]

e ° N
¬A ∨ B

�9IK\_%gih9N�\�IK�7¢£\�IKjk\
A→ B < jk�c¢wIG\

A↔ B
e ° N

(A→ B) ∧ (B → A)
E

�	��� � ����� � �*� '����
LID

<\�I�J;�9J
X

\�IKJ9\`\�IGJ9jkm�\ vKv IK]F\��9Jf�
Y

\�IKJ9\ Ê ¢³\�IKj[mo\ vKv IG]F\ ��N�-O�9I u M3moj�6lMONkI¶MO� v \OE
L(X, Y )IKj[m �9IG\�<L9N�MOgih9\

L
\�N[¢£\�IGm�\�Nkm��9� �9IG\�jk\ ��N.-O�9I u Mlmoj26OMlN�I¶Ml� v \�J�E�H�IGJ9\¿L��Fj�I moIk6F\�ÉQL�\
X

NoM3mo�FN[e$�FN���IKj[mQ\�IKJ9\
L(X, Y )

X�¤5�FN��¦\ v A(X, Y, y, x) < �9\�N�\�J»\�IKJ Ê IK]F\_e$N�\�IK\¬V MlN�I¶Ml� v \�J
X, Y, y

�9J9�
x

jkIKJ9� < �9J9��IKJ��9\�Nw�9IG\8V MON�IKMO� v \ X J%�fNYL��FjkIGmoIk6�MO�<enmoN�I m�m�E�=
��IG\�<L9N�MOgih9\

LID

\�Nk¢³\�I mo\�Nkm
L

e ° NÄ7k\��9\�L��Fj�I moIk6F\£É�L�\�N�Mlmo�ONke$�FNk�
A

�9� \�IKJ9\ Ê ¢³\�IGjkmo\ v X
v IG]F\ ��N.-l�9I u Mlm�j u �OJ9jkmoMOJ7mo\

P � �9Jf� �9� \�IKJf\_�fN�\�IGjkm�\ vKv IK]F\ ��N.-O�9I u Mlmoj u �FJ9j[miMOJ7m�\
P �

<

E
Z I m«]FNk��5F\�J ]ON�IK\�gih9IKjkgih9\�Jp+³�9gih9jkmoMO��\�J1¢wIK\£\
m ¢�M

Γ
�9J9�

∆
�?\ Ê \�IKgih9J9\�J ¢wIKN�\�J9� v IKgih9\

Z \�J9]F\�J¬6F�FJ
LID

X�¤5�FN��¦\ v J�E�/�� u;° N Ê \�J9� j[mo\�h9\
Γ, A

e ° N
Γ∪{A}

�9J9�
Γ,∆

e ° N
Γ∪∆

E
¤5\�NkJ9\�Nwj�\�I

¬Γ
�9IK\`Z \�J9]F\��9\�NYJf\�]FIG\�Nkm�\�J ¤5�FN��¦\ v J�MO�9j

Γ
E

�	��� � �� �� �
� �������&)  �� % � ��� ��� � � � ���	��
�� � � � �

¤5�FN��¦\ v JÈ�9Jf� /w�<IK�F�¦\�jk\�IK\�JÁMO�»�9IG\�j�\�� ���9J u m�IG�¸�¦\�N
LID

X ¤S�ON��¦\ v J¨ES��IK\ ¯Y\�N v \�I Xmo�fJ9]Fj�Nk\ v MlmoIG�FJ �9\
U5J9IG\�N�\�J ¢wIKN j�gihfJ9IGmkm�e$N�\�I¨IG� ±³²"´¶µ?X[%m�I v EOH�j�]F\ v mo\ ` Γ
]F\�J5MO�¿�5MlJ9J <¢³\�J9J \�IKJf\�Nw�9\�N�e$� v ]F\�Jf�9\�J�¤0- vGv \�]FI v m�h

* /w� +
¬A,A ∈ Γ

*
∧
+

A0 ∧ A1 ∈ Γ
�9J9�

` Γ, Ai

e ° NwM vGv \ i ∈ {0, 1}

*
∨
+

A0 ∨ A1 ∈ Γ
�9J9�

` Γ, Ai

e ° N�\�IKJ
i ∈ {0, 1}

*
∀
+

∀xA ∈ Γ
�9J9�

` Γ, A
�fJ9�

x
\�Nkj�gih9\�IKJ7mYJ9IKgih7mwe$N�\�I½IKJ

Γ

*
∃
+

∃xA ∈ Γ
�9J9�

` Γ, Ax(t)

�QMO��\�I<j�\�I
Ax(t)

�9IK\³¤5�FN��¦\ v�< �9IK\³j�IKgih�MO�9j
A

\�N�]OIK�fm < ¢³\�JfJ�¢wIKN«M vKv \�e$Nk\�IK\�Ja/��<enmoN�\
mo\�J
6F�OJ

x
IKJ
A

�9�9N�gih
t

\�N�j�\
m Ê \�J�ExV MON�IKMO� v \�J \�IKJf\�N¸¤S�ON��¦\ v�< �9IK\�J9IGgih;m¸�9�9NkgihÆ\�IKJ9\�J
+Q�5MOJ7mo�ONY]O\��9�9Jf�9\�J j�IKJf� < h9\�I�5F\�J ��� ��� E
± �%v

F
��z�u����

X
v��^zKy���£�u���uw�G{�� ¢ ¡�¢ {��w�w£ F

�
t�u�v^t0º@t2uw� ¢ �
z� ¨t��Á��t2z �ft�£ �|{����
¬Xt

~^{����





�	��� � ��� � �����������
PA

��h9\��FN�IG\�JÈ¢³� vKv \�J�¢wIKN�M v j�Z \�J9]F\��9\�N Ê �9]F\�hÊ3FN�IG]F\�J � Mlm�h9\��¸Mlm�IKj�gihf\�J�/w�<IK�F�¦\_MO�fe¶X
e MOjkj�\�J¨Ef¤5�FNk��� v IG\�N[m«IKJ¦�9\�N£%L9NoMOgihf\

LID

�9�1e M)5Om��9IG\ �V5²Ie"T*X|/�NkIGmohf�¸\
moI u�<lu �fN Ê PA <
· �9IG\ �9\
U5J9IG\�N�\�J9�9\�JX/Y�<IK�F�¦\1e ° N��9IG\ L9NkIK�¦IGm�IP6 Nk\ u �9Nkj�IP6O\�J ��N.-O�fI u Mlmo\ < �fJ;m�\�N

�9IG\�jk\�J MO�9gih��9IK\Qe ° N
=

�9J9�
< < 6F\�Nk] v \�IKgih9\4M�y^O <

· ∀x(¬ 0 = Sx),

· ∀x∀y(Sx = Sy → x = y)
�9Jf�

· e ° NwM vKv \Q¤S�ON��¦\ v J A �fIK\�¤5�FN��¦\ v Ax(0) ∧ ∀x(A → Ax(Sx)) → ∀xA
E

�	��� � ��� � �����������
GIDp

sÇIKN#6O\�N[¢£\�J9�9\�J Ê �9NY��\TU9J9IGm�IK�FJ��9\�Nwjkm�-lN u \�N�\�JÈ��h9\��FN�IG\�e$� v ]F\�J9�9\_<gih9Nk\�IG�;¢³\�IGj�\�Jih

· P �s t :≡ P � st
· P �

<st0t1 :≡ P �
<
st0t1

· As(X, x) :≡ A(X,P �
<s, s, x)

��IG\_��hf\��FNkIK\
GIDp

\�Nk¢³\�IGm�\�N[m
PA

�9��e$� v ]F\�J9�9\R/w�fIG�F�¦\)h
*
P � .1 + ∀x(Av(P �v , x) → P �v x)

e ° NwM vGv \ v
*
P � .2 + ∀x(Av(Fx(·), x) → F ) → ∀x(P �v x→ F )

e ° NYM vGv \ v < p− 1�9Jf�ÈM vGv \ LID

X�¤5�FNk�¸\ v J F
*
P � .3 + ∀x0∀x1(P �<vx0x1 ↔ x0 < v ∧ P �x0

x1)
e ° NwM vKv \ v

��\�JÈ��h9\��FN�IG\�J
PA, ID1, ID2 . . .

\�J7moj�LfN�\�gihf\�JÁM v j�� GID1,GID2,GID3 . . .sÇIKN`joMO]O\�J < \�IKJ9\¿¤S�ON��¦\ v �¦\�Jf]F\
Γ

IGjkm IGJ
GIDp

hf\�N v \�I mo�5MON < Ml�9]F\ u;° N Ê m GIDp ` Γ <¢³\�J9J \�jY\�IKJf\�\�J9� v IKgih9\���\�I v �¦\�J9]F\
∆

6F�FJ
GIDp

]FIG�fm��¦IGm
` ¬∆,Γ

E
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GID

∞
p

* J9�9\�� ¢wIKN Ê �9N <LfNoMOgih9\
LID

\�IKJ9\£J9\��9\ ��N.-l�9I u Mlm�j�6lMON�IKMO� v \ N hfIKJ Ê �fe ° ]F\�J < \�Nkh5M v mo\�J¢wIKNY�9IG\�<LfNoMOgih9\
LID(N)

E�¤ ° N�]F\�j�gih v �Fj�jk\�J9\1¤5�FNk�¸\ v J��9IG\�j�\�N�<LfNoMOgih9\_¢£\�N��9\�J ¢wIKN
�5MOjwIGJÊU5J9I m�-ONk\�Z1%jkm�\��

GID
∞

p

e$�FNk��� v IG\�Nk\�J�E
��IG\Qe$� v ]F\�J9�9\�J ��\TU5J9I moIG�FJ9\�J�J;�fm Ê \�J MO�9j < �5M)51M vGv \�¤5�FNk�¸\ v J¿IGJ�J9\�]FMlmoIk6F\�Nw�Y�FN��¸M v Xe$�FNk� 9 j�IGJ9��E
��� IKJ �9\�N �fJ;m�\�J 6F\�N[¢£\�J9�9\
mo\�J %gih9J9IGmkmoNk\�]F\ v �9IK\��Y�F�¦L v \ �fI m�-lm��9\�N1¤5�FNk�¸\ v J Ê ��¦\�j�jk\�J < �9\
U5J9IG\�N�\�J�¢wIGN��9IK\ ��-OJf]F\

|F |
\�IGJ9\�NY¤5�FN��¦\ v F h

· |A| := |¬A| := 0 < e M vGv j A \�IKJ9\�MONkIGm�h9�¸\
moIGj�gih9\ ��N�IG�¦e$�ON��¦\ v IKjkm�E
· |Nt| := |¬Nt| := |P � st| := |¬P � st| := 0

· |P �
<
st0t1| := |¬P �

<
st0t1| := 1

· |A ∧B| := |A ∨ B| := max{|A|, |B|}+ 1

· |∀xA| := |∃xA| := |A| + 1

��hfJ v IGgih ¢wIK\Q��\�I?�9\�N�<gih9J9I m�moNk\�]F\ v � ° j�j�\�J�¢wIKN£�fIK\Q¤5�FNk�¸\ v J¦e ° N��9IG\Q¤5�FN���� v IG\�N��fJ9]
�9\�N *

Ωu+1
+ X��w\�]O\ v j��ONkmoIG\�Nk\�J�ES¯YIK\�N�IGJ7mo\�Nk\�jkj�IK\�Nkm��9J9jw�9\�N��9J7m�\�N�\ * J9�9\ ���9\�N�6F\�Nk¢³\�J<X

�9\
mo\�JÈ¤�I �<L9�fJ u mo\
P �u

E:n¨�
v < p

�9\
U5J9IG\�N�\�J ¢wIGN£¢wIK\�e$� v ]Omw¤5�FN��¦\ v �¸\�J9]F\�J
Posv

h

· /�N�IGm�h9�¦\�moIGj�gih9\ ��NkIK�1e$�FN��¦\ v J��9J9�¸¤5�FN��¦\ v J Nt ]F\�hB3FN�\�J¦e ° N³M vKv \ v Ê � Posv

E
· ¤ ° N

0 < v
jk\�IK\�JÈ¤5�FNk�¸\ v J ¬Nt

IKJ
Posv

E
· ¤ ° N

u < v
j�\�IK\�J ¤5�FN��¦\ v J P �u t < P �<ut0t1

�9J9�
¬P �

<ut0t1
IGJ
Posv

E
· ¤ ° N

u+ 1 < v
jk\�IK\�JÈ¤5�FNk�¸\ v J ¬P �u t

IKJ
Posv

E
· Z I m

A
�9J9�

B
j�IKJf� Ml�9gih

A ∧ B < A ∨B < ∀xA �9J9�
∃xA

IGJ
Posv

E
z #7ª«���$&(� }�� · � , ��IG\�e$� v ]F\�J9�9\�J <gih vK° jkj�\_�?\ Ê \�IGgih9J9\�J ¢wIKNwM v j�� � � � � � � � � � � � � h
*
∨
+

Ai ` A0 ∨ A1
e ° N

i ∈ {0, 1}

*
∧
+

A0, A1 ` A0 ∧ A1

r ��u�v^tW�\�Tz� #t2�
F

u¤£ ��uwvov\t2��{���u��Tt2zÀÃ��Tz� À{�� ¢ �
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¬

u�v
F
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z
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*
∃
+

Ax(n) ` ∃xA*
∀
+

(Ax(n))n∈ω ` ∀xA*
P �

<

+
P �j n ` P �

<ujn
e ° N

j < u*
¬P �

<

+
¬P �j n ` ¬P �

<ujn
e ° N

j < u
* jkm

(Ai)i∈I ` A
\�IGJ�	�N��fJ9�9j�gih v �B5 < jk� ]OI v m ∀i∈ I(|Ai| < |A|)

E½��IG\�j�¢wIKNk� IG���w\
X
�9� u m�IK�FJ9j v \��¸�¸M MO�9jk]F\�J;�fm Ê m E?¤ ° Nw�9IG\�¤5�FN��¦\ v�< �9IG\`Ml�9j

A
\�J7mojkm�\�h7m < ¢³\�J9JÈ¢wIGNwM vKv \+Q�5MOJ7mo�ON�\�J��¦IGm��9\�N ��N�-O�9I u M3moj u �FJ9j[miMOJ7mo\

N
��\�j�gihfN.-OJ u \�J < j�gihfN�\�IG�?\�J ¢wIGN

AN E
z #7ª«���$&(� }�� · �GC ��IG\we$� v ]F\�J9�9\�J¸<gih vK° jkj�\Y�?\ Ê \�IGgih9J9\�J ¢wIKN�M v j�� � �	� � � � % � � � � � � � � � � h* � +

n = 0 ∨ (n = Sm ∧Nm) ` Nn*
P �u

+
Nn ∧ A

N
u (P �u , n) ` P �un* jkm

(Ai)i∈I ` A
\�IKJ * J9�9� u m�IK�FJfj[X£�<�9\�Nw\�IKJ 	�N��9J9�fj�gih v �B5 < j��¦j�IGJ9� �¦IGm

A
MO�fgih M vGv \

Ai

IGJ
Posv

ES��IK\�j�¢wIGN���IK� ��� vGv MO�9IG\�Nk�9J9]Fj v \��¦�¸M_�9Jf� IGJ �½\��¸�¸M �fE �¸Ml�9j�]F\�J;�fm Ê m EZ I m
A ≡ B

�¦\�IGJ9\�J�¢wIKN < �5M)5
A

�9Jf�
B

e ° Nw�9IG\�j�\ v ��\�¤5�FN��¦\ v jkmo\�h9\�J¨E
¤ ° N

u < p
j�\�I�e$� v ]F\�J9�9\�jY�f\TU5J9IG\�N[m�h

Ru :≡

{
N

e ° N
u = 0

P �v
e ° N

u = v + 1

z #7ª«���$&(� }�� · �G¥
k| α

m
Γ

]F\ v mo\ ]O\�J5MO� �9MOJ9J < ¢£\�J9J \�IGJ9\�N`�9\�N�e$� v ]F\�J9�9\�Jt¤0- vKv \ Ê �<X
moNkI���m�h
* /w�?D +

A ∈ Γ & A ∈ {
¢£MOh9Nk\_MON�I moh9�¦\�m�IKj�gihf\ ��NkIK�1e$�FN��¦\ v J } ∪ {¬P �

<ujn : u ≤ j}* /w�9b,+
¬Run,Run ∈ Γ* +£MOj�+
(Ai)i∈I ` A

IGjkmw\�IKJ 	�Nk�9J9�9jkgih v �Ê5
& A ∈ Γ

&
\�jw]FIK�<m

α0 �
(1)
k α

�¸I m
∀i∈ I(k|α0

m
Γ, Ai).* * Jf�"+

(Ai)i∈I ` A
IGjkmw\�IKJ * J9�9� u m�IK�FJ9jkj�gih v �B5

& A ∈ Γ

&
\�jw]FIK�<m

α0 �
(3)
k α

�¸I m
∀i∈ I(k|α0

m
Γ, Ai).* b£�<m�+ H�jw]FIK�<m

α0 �
(1)
k α

�¦IGm
k|α0

m
Γ,¬C & k|α0

m
Γ, C & |C| < m.*

Ωu+1
+wH�j�]FIG�fm

f ∈ K
�¸I m

typ(f) = u < p
�9\�NoMON[m < �5M)51�9IG\Qe$� v ]O\�J9�9\�J

�9Nk\�I�+£\��9IKJf]F�9J9]F\�J \�Nke °9vGv m�jkIKJ9�Çh

(1) α = f [Ωu+1]

(2) k|f [0]
m

Γ, Run

(3) ∀γ <Ωu+1∀∆⊆Posu(k|
γ

0
∆, Run =⇒ k|f [γ]

m
∆,Γ)

*
�k

+ H�jw]FIK�<m
α0 �

(1)
k α

�¦IGm
k|α0

m
Γ.
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�QMOj�/�J;m�\ Ê \��9\�J Ê �9\�N�IKJ��9IG\�jk\�����MOL9I mo\ v¨Ê ����\�¢³\�IGj�\�Jf�9\�J /��9jkjoMO]F\�JÈ\�J;m�hÄ- v m�jkm�\�moj
\�IGJ9\_¤5�FN��¦\ v �9\�N 	�\�jkmoM v m

k|α
m

Γ.

sÇIKN ¢³\�Nk�9\�J/�9IG\�+£\�h5Ml�9Lfmo�fJ9]F\�J 7k\�¢³\�I v j1�¸I m1\�IKJf\�N * J9�9� u moIG�FJÆJ9MOgihÆ�9\�N ¯Y\�N v \�I Xmo�fJ9]Fjkm�IK\
e$\
α

��\�¢³\�IKjk\�J�E;�Y� M v j����9IK\ * Jf�9� u moIG�FJ9j�6O�FNoMl�9j�jk\�m Ê �9J9]`MOJ7¢£\�J9�9\�J Ê � u 3FJ<X
J9\�J < N�\�IKgih7m�\�j <½Ê �Á\�IGJ9\��

α0 < α Ê �Á]F\ v MOJ9]F\�J�E * � ¤�M vKv \_\�IGJ9\�j *
Ωu+1

+ X[<gih v �9jkj�\�j
� ° N[e$\�J�¢wIKN��9IG\ * J9�9� u moIG�FJ9j26F�FN�MO�9j�jk\�m Ê �9J9]¿MOJ7¢£\�J9�9\�J < �5M1MO�fj �½\��¸�¸M1b<E D(�

γ < Ωu+1 =⇒ f [γ] < f [Ωu+1]

e$� v ]Om E
��#<A�A�4 ¼ � ,�� º¨&(03'*§¨&c'*03> =l8�! '����

k|α
m

Γ & m ≤ n & Γ ⊆ ∆ =⇒ k|α#β

n
∆

� ��� ����� �9�9Nkgih * J9�f� u moIK�OJ J5Mlgih
α

· * /Y�?D + < * /Y�9b,+ E5��IK\�j�\`¤0- vGv \�jkIKJ9� u;v MON³¢£\�]F\�J
Γ ⊆ ∆

E
· �QM1]F\��c-)5 �½\��¦� M1b%EGDcb * �"+

α0 �
(l)
k α =⇒ α0#β�

(l)
k α#β

]OI v m < e ° hfNkmYIKJ
�9\�J ° �9NkIK]F\�J ¤0- vKv \�J �9IK\ * J9�9� u moIG�FJ9j26F�FN�MO�9j�jk\�m Ê �9J9] Ê �9� n¨IK\ v E�+£\�I *

Ωu+1
+

IGjkm Ê � ��\ MOgih7m�\�J < �5M�5���\�I�]F\�]F\��?\�J9\��x�Y�FJ7mo\ �<m
f

Ml�9gih
β#f

\�IGJÁ���FJ7mo\ �%m
IGjkm E

��#<A�A�4 ¼ �GC��
	 �?©�#;03> �$}?��� �����
(Ai)i∈I ` A

����� ��� ����� � � � � � � � � � � � � � (∧)
�

(∀)%'�����
(¬P �

<
)
� � 
��� �������(

k|α
m

Γ, A =⇒ ∀i∈ I(k| α
m

Γ, Ai)
� ��� ����� �9�9Nkgih * J9�f� u moIK�OJ J5Mlgih

α

· * j[m
A

�fIK\�¯�Ml�9Lfm�e$�ON��¦\ v �9\�j v \�m Ê m�\�JÈ<gih v �fj�j�\�j < j��1¢£MON v \
m Ê m�\�Nk\�Nw\�IGJ * +�MOj + X
<gih v �B59E�/��9j��9\�J ��N.-O�¦IKjkj�\�J

∀i∈ I(k|α0

m
Γ, Ai)

e$� v ]Om�¢£\�]F\�J
α0 �k α

�¸I m
\�IKJ9\�� *

�k

+ X�<gih v �Ê5¦�fIK\q+£\�h5MO�9Lfm��9J9]9E
· <\�I

A
J9IKgih7m³�9IK\w¯�MO�9Lfmke$�FN��¦\ v E7�QM��¸I m

γ < Ωu+1
MO�9gih

f [γ] < f [Ωu+1]
]FI v m <IGjkm�IG� ¤SM vGv * Ωu+1

+w¢wIK\1MO�9gihÁIGJÁM vKv \�J»MOJf�9\�Nk\�J ¤0- vKv \�J �fIK\ * J9�f� u moIK�OJ9j�6O�FN[X
MO�fj�j�\
m Ê �9J9]¿MlJ;¢³\�Jf�9�5MON < ¢³�F�¦IGm�jkIKgih��5MOj 	�\�¢ ° J9jkgih7mo\�jk�Oe$�FN[mw\�N�]OIK�fm�E
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C

����� � � % �� &��� ����� � � ��� 
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A∨B

�
∃xA

�
P �

<ujn
�

¬P �un
�
¬Nn

%'����� ����� � ��
� � � � � 
����� �  &��� ��� � � � � ���� � % �� &��� � � � � ����� ���
|C| = m

�
��
��� ������ (

k|α
m

Γ, C & k| β

m
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· F ≡ ∃xA<\�I
a := |A|

E5��Mlgih * J9�f� u moIK�OJ9j�6O�FNoMO�fj�j�\
m Ê �9J9]¿]FI v m�e ° NwM vKv \ n
k| �2a

0
¬Ax(n), Ax(n).Z IGm *

∃
+�e$� v ]Om�e ° NwM vKv \ n
k|

�
2a+1

0
¬Ax(n), ∃xA�9J9��h9IK\�NoMO�9jw�¦IGm *

∀
+

k|
�
2a+2

0
∀x¬A, ∃xA,¢�MOjY�9\�� 	�\
¢ ° J9jkgih;m�\�J \�J7moj�LfN�IKgih7m�E

��#<A�A�4 À �GC�� Å 49!-> =38��
� ���

A
����� ����
� � � � ��
����� �  &��� ��� � � � � ���� � % �� &��� � � % �������(

k|α
0
Γ, A =⇒ k|α

0
Γ

� ��� �����
��IG\¬+³\�h5MO�fLfmo�9Jf]¦e$� v ]Om��9�fN�gih�\�IKJf\�\�IKJ<e MOgih9\ * J9�9� u m�IK�FJ�J5MOgih

α
Efs \�I v \�IGJ9\Qe M v j�gih9\

MONkIGmohf�¸\
moIKjkgih9\ ��N�IG�¦e$�ON��¦\ v J9IK\�� M v j³¯�MO�9L<m�e$�FNk�¸\ v IKj[m < IKj[m��9IK\�/�J7¢£\�J9�9�9Jf]¸�9\�N * J<X
�9� u m�IK�FJ9j26F�FN�MO�9jkj�\�m Ê �9Jf]¿�9\�N�<gih vK° jkj�\ v*Ê �9��H�Nke$� v ]9E

��#<A�A�4 À �G¥��
∨ { 	 �?©�#%03> �$}�� �

k|α
0
Γ, A ∨ B =⇒ k|α

0
Γ, A, B

� ��� �����
H�IKJ9\�\�IKJfe MOgihf\ * Jf�9� u moIG�FJ�J5MOgih

α
e ° h9Nkmw�9Jfj Ê �9� n¨IK\ v E





· * /Y�?D + < * /w�5b+
E * J �9IK\�j�\�J ¤f- vKv \�J�]OI v m`MO�fgih
k|α

0
Γ < ¢³�FNoMl�9j�¢wIKN_�¸I m�\�IKJ9\��

%m�N�� u m��9N�jkgih v �B5¦�9IG\¬+³\�h5MO�fLfmo�9Jf]¸\�N�h5M v mo\�J�E
· * +�MOj�+ < * * J9�"+ E�<\�I Ê �9JB-Ogih9jkm

A ∨ B
J9IGgih;m �9IG\�¯�MO�9Lfmke$�FN��¦\ v �9\�j v \�m Ê mo\�J<gih v �9jkj�\�j�E7�QMOJfJ1e$� v ]Om��9IG\À+£\�h9MO�9Lfm��9J9]��¦IGm"�9\�N * Jf�9� u moIG�FJ9j�6O�FNoMl�9j�jk\�m Ê �9J9]9E

* j[m
A ∨ B

�9IG\_¯�MO�9L<m�e$�FNk�¸\ v �9\�j v \
m Ê mo\�JÈ<gih v �9j�jk\�j < jk�¦¢£MONY�9IK\�j�\�Nw\�IKJ
(∨)

X
<gih v �B5 < �fJ9�Ë\�j ]7Ml� \�IKJ

α0 �k α
�9\�NoMON[m < �5M)5 \�J7m ¢³\��9\�N

k|α0

0
Γ, A

�%�9\�N
k|α0

0
Γ, B

]7M v m�E * J���\�IK�f\�J�¤0- vGv \�J v IK\
e$\�N[m�\�IGJ�%moNk� u mo�9Nkj�gih v �B5¦�9J9� *
�k

+£�fIK\
+£\�h5MO�9L<mo�9J9]fE

· * b£�fm�+ ESH�IGJ <gih9J9I m�m u MOJ9J�J9IKgih7m�6F�ON v IG\�]F\�J < �5M �9\�N�<gih9J9I m�moN�MOJ9]¸��� vGv IKj[m E
· *

Ωu+1
+ < * �k

+
E * J �9IG\�j�\�Jt¤0- vKv \�J e$� v ]lm��9IK\p+³\�h5MO�fLfmo�9Jf]È�¦IGm�¯YI v e$\��9\�N * J<X
�9� u m�IK�FJfj�6F�ONoMO�9jkj�\
m Ê �fJ9]9E

<\�I
F

e ° N��9\�J»�w\�j[mQ�9\�jQ��MOL9I mo\ v jw\�IGJ9\�¤5�FNk�¸\ v �¸I mw]F\�J5Ml� \�IGJ9\�Nwe$N�\�IK\�J�V MON�IKMO� v \�J
x

�9Jf�È�9\�N ��-OJf]F\
l = |F |

ES¤ ° NY\�IKJ9\�J5M3m ° N v IKgihf\·n�Mlh v u < p
j�\�I��fIK\_¤5�FN��¦\ v �¸\�J9]F\

θu

¢wIG\�e$� v ]Om��9\TU5JfIK\�N[m�h

θu :=

{
{¬Fx(0),¬∀x(Nx → (F → Fx(Sx)))}

e ° N
u = 0

{¬∀x(Nx → (AN
v (Fx(·), x) → F ))}

e ° N
u = v + 1n¨��]F\�]O\���\�J9\�N�¤5�FNk�¸\ v A J9\�J9J9\�J�¢wIGN

A∗
�9IK\Q¤S�ON��¦\ v�< �9IG\�\�J7moj[mo\�h7m < ¢£\�J9J ¢wIGN�M vKv \/��<enmoN�\
mo\�J46O�FJ

Ru

�f�9N�gih
Fx(·)

\�Nkj�\�m Ê \�J�EÁ/��B5F\�N��9\�� jk\�I
{A1, . . . , An}

∗
�9IK\wZ�\�J9]F\

{A∗

1, . . . , A
∗

n}
E

º�'�:"! #%AtA 4 À � · �����
∆ ∪ ∆0 ⊆ Posu

��� �
γ < Ωu+1

� � 
��� �������(
k|γ

0
∆,∆0 =⇒ k| �2l+γ

0
∆, θu,∆

∗

0
� ��� ����� �9�9Nkgih * J9�f� u moIK�OJ J5Mlgih

γ* /w�?D + * j[m
A

�9IG\ ¤5�FNk�¸\ v ¬P �
<ujn

�¸I m
u ≤ j

�<�9\�N�\�IKJf\ ¢£MOh9Nk\�MONkIGm�h9�¸\
moIGj�gih9\
��N�IG�¦e$�FNk�¸\ v �9Jf� IGjkm

A
IKJ

∆,∆0 < jk�¸IGJ9j���\�jk�FJ9�9\�N�\_IKJ
∆, θu,∆

∗

0

E
* /w�9b,+`��MOgih ��\TU9J9IGm�IK�FJ 6F�FJ

Run
IKj[m

¬Run
J9IKgih7m�IGJ

Posu

E"¤SM vKv j ¬A
�9J9�

A
IKJ

∆ ∪ ∆0 ⊆ Posu <5u MOJ9JÈjk�F�¦IGm�¢³\��9\�N
¬A

Jf�<gih
A

�9IG\_¤S�ON��¦\ v Run
j�\�IGJ�EÄ/ v j��¸]FI v m

¬A,A ∈ ∆, θu,∆
∗

0

E
* +£MOj�+�<\�I

(Ai)i∈I ` A
\�IGJ 	�N��9Jf�9j�gih v �B5 < γ0 �k γ

�9Jf�
A ∈ ∆ ∪ ∆0

EY%�F�¸I m
IKj[m

A
IKJ
Posu < IGJ9j���\�jk�FJ9�9\�N�\Áj�IGJ9� MO�9gih M vGv \ Ai

IKJ
Posu

EÀ/ v j�� IGjkm¿e ° N
i ∈ I�9IG\ * J9�9� u m�IK�FJ9j26F�FN�MO�9jkj�\�m Ê �9Jf]�MO�fe

k|γ0

0
∆,∆0, Ai

MOJ7¢£\�J9�9�5MlN�E9sÇIKN£�9J7mo\�Nkj�gih9\�IK�9\�J
Ê ¢³\�I�¤0- vKv \�h

· A ∈ ∆��MOgih * Jf�9� u moIG�FJ9j�6O�FNoMl�9j�jk\�m Ê �9J9]¿]OI v m£e ° NwM vKv \ i ∈ I

k| �2l+γ0

0
∆, Ai, θu,∆

∗

0,¢³�FNoMl�9j�¢wIKN��¦IGm * +�MOj�+��5Mlj 	�\�e$�ON��9\�Nkmo\�\�N�h5M v mo\�J�E





· A ∈ ∆0��IG\ * J9�9� u m�IK�FJ9j26F�FN�MO�9jkj�\�m Ê �9Jf] v IG\�e$\�N[mw�9J9j�e ° NwM vGv \ i ∈ I

k| �2l+γ0

0
∆, θu,∆

∗

0, A
∗

i ,

�9Jf�»j��F�¦IGmYe$� v ]lm��¦IGm * +£MOj�+��fIK\a+³\�h5MO�fLfmo�9Jf] < e M vGv j�MO�9gih
(A∗

i )i∈I ` A∗
\�IKJ

	�N��9Jf�9j�gih v �B5¦IKjkm�E �½\�m Ê mo\�N�\�j�IGjkmw�9\�N�¤SM vGv�< �5M
A

�9J9� M vKv \ Ai

IKJ
Posu

j�IGJ9��E
* * Jf�"+w<\�I

γ0 �
(3)
k γ

EB/ v j��1\
�<IKj[moIG\�N�\�J
γ1

�9J9�
γ2

�¦IGm

2̂l + γ0 �k 2̂l + γ1 �k 2̂l + γ2 �k 2̂l + γ.

H�J7m v MlJ9]��9IK\�j�\�N_��\�mkmo\ ¢³\�N��f\�J�¢wIGN�IKJÁ\�IGJ L9MFMONWn¨\�I v \�J»�5MOj 	�\
e$�FN��f\�Nkm�\1h9\�N v \�I mo\�J�E
sÇIKN���\�m�NoMOgih7m�\�JÈ�fIK\���\�IK�f\�J�� 3F] v IKgihf\�J * J9�9� u m�IK�FJfj�j�gih vK° jkj�\_]F\�m�N�\�JfJ;m�h

· 	�\ v mo\ Ê �fJÄ-Ogih9j[m
* D +

k|γ0

0
∆, n = 0 ∨ (n = Sm ∧Nm),∆0.

sÇIG\ jkgih v �Fjkj�\�J/MO�fe
k|γ

0
∆,∆0, Nn

E³¤SM vGv j Nn ∈ ∆
IKjkm < j�� e$� v ]Om¦�¦IGm1�9\�N

* J9�f� u moIK�OJ9j�6O�FNoMO�fj�j�\
m Ê �9J9] < ¢³�F��\�I�¢wIGN
n = 0 ∨ (n = Sm ∧ Nm) Ê � ∆

Ê -Oh v \�J < �9Jf� * * J9�"+��9IK\q+³\�h5MO�fLfmo�9Jf]9E
<\�I

Nn ∈ ∆0
E * jkm

Ru 6≡ N < jk��]F\�h9\�J ¢wIGNQ¢wIK\ IG� ¤SM vGv Nn ∈ ∆
6F�FN�E�<\�I

M v j�� Ru ≡ N
�9J9��j��F�¦IGm

Fx(n) ∈ ∆∗

0

ES�QMOjw��Ml�fmo� v �F]FIG\ v \��¸�¸M v IK\
e$\�N[m��9J9j
* b,+

k| �2l
0
¬Fx(n), Fx(n).

H�IKJ %m�N�� u m��9N�jkgih v �B5¸� Mlgih;mw�9MONoMO�fjw¢³\�]O\�J
Fx(n) ∈ ∆∗

0

* q#+
k| �2l

0
∆, θu,∆

∗

0,¬Fx(n).

sÇIGN��9J7mo\�Nkj�gih9\�IK�9\�JÈ�9Nk\�I*¤0- vKv \�h

· n 6= 0 & n 6= m+ 1s�\�J9�9\�J ¢wIKN
∨

X * Jj6F\�N�jkIK�FJ �9J9� �5MOj * Jj6F\�Nkj�IG�FJ9j v \��¦� M MO�<e * D +¿MOJ <j�� \�Nk]FIK�<m �5Mlj
k|γ0

0
∆,∆0, n = 0, n = Sm

E£�QM
n 6= 0

�9Jf�
n 6=

m + 1
]FI v m < e$� v ]Om��5MOJ9J»�¦IGm��9\�� ¤SM v jkgih v \��¸�¸M

k|γ0

0
∆,∆0 < ¢£�FN�MO�9j

¢wIKN��¸I m��9\�N * J9�9� u m�IK�FJfj�6F�ONoMO�9jkj�\
m Ê �fJ9]»�9J9��MOJ9j�gih v IK\T5F\�Jf�9\�� *
�k

+
�9IK\q+£\�h5MO�9L<mo�9J9]¸\�NkN�IKJf]F\�J�E

· n = 0/��9j * b,+1e$� v ]Om ¢³\�]O\�J
¬Fx(0) ∈ θu

�9J9�
Fx(0) ∈ ∆∗

0

�¸I m \�IKJ9\��
%moNk� u mo�9Nkj�gih v �B5 �9IG\q+£\�h9MO�9Lfm��9J9]9E





· n = m+ 1��IK\�j�\�N�¤�M vKv IKj[m��9\�N�\�IGJ9\ 	�N��9Jf� < �9M)5�\�IGJ * * Jf�"+ X�<gih v �Ê5��9N�\�I½<gihfN�IGmkmo\
u �Fj[mo\�m�E5¤ ° N * D + v IK\
e$\�N�J¸�9J9j

∨
X * Jj6O\�N�jkIK�FJ < �5MOj * Jj6F\�N�jkIK�FJ9j v \��¸�¸M��9J9�

�5MOj³¤�M v j�gih v \��¦�¸M
k|γ0

0
∆,∆0, Nm

E7s \�J9�f\�J ¢wIGN hfIK\�N�MO�fe¨�9IK\ * J9�9� u X
moIK�OJ9j�6O�FNoMO�fj�j�\
m Ê �9J9] Ê ¢£\�IK�¸M v �9J7m�\�N�jkgih9IK\�� v IGgih MOJ < j��¦h5MO��\�J�¢wIKN
* � +

k| �2l+γ0

0
∆, Nm, θu,∆

∗

0�9J9�
* p,+

k| �2l+γ0

0
∆, θu,∆

∗

0, Fx(m).Z IGmw\�IKJ9\�� *
∧
+ X�<gih v �B51\�N�]O\���\�J * q#+£�9J9� * p+

k| �2l+γ1

0
∆, θu,∆

∗

0, Fx(m) ∧ ¬Fx(n),\�IKJ�¢³\�I mo\�Nk\�NY�¸I m * � + v IG\�e$\�N[m
k| �2l+γ2

0
∆, θu,∆

∗

0, Nm ∧ Fx(m) ∧ ¬Fx(n).H�IGJ�MO�9j�gih v IK\T5F\�Jf�9\�N *
∃
+ X[<gih v �B51e ° h9N[m Ê �9��H�N�]O\��9J9IGj <

k| �2l+γ

0
∆, θu,∆

∗

0,¬∀x(Nx → (F → Fx(Sx))),�9\�J9J �9IK\ v \�m Ê mo\�¤5�FNk�¸\ v IKj[mwIKJ��9J9jk\�Nk\���¤SM vKv IKJ
θu

E
· 	�\ v mo\�7k\�m Ê m* �#+

k|γ0

0
∆,∆0, Nn ∧ A

N
w (P �w, n).

sÇIG\�j�gih v �Fj�jk\�J Ml�fe
k|γ

0
∆,∆0, P �wn

EfsÇIGN��?\
moNoMlgih;m�\�J �9N�\�I*¤0- vKv \)h

· w + 1 6= u* J �9IK\�j�\�N�<IGm��5MlmoIG�FJ u MlJ9J
Ru

J9IGgih;m
P �w

jk\�IGJ��9J9� �FhfJ9\����`¢£\�]F\£e$� v ]Om
k| �2l+γ0

0
∆, θu,∆

∗

0, Nn ∧ AN
w (P �w, n)

MO�9j �9\�N * Jf�9� u moIG�FJ9j�6O�FNoMl�9j�jk\�mkX
Ê �9J9]¦�9J9���5MOJfJ �¦IGm * * J9�"+��9IG\q+£\�h5Ml�9Lfmo�fJ9]9E

· w + 1 = u & P �wn ∈ ∆* J �fIK\�jk\�� ���9J u m�e$� v ]lm�¢wIK\�IK� 6F�FN�MOJ9]F\�]7MOJ9]O\�J9\�J �fIK\»+£\�h5MO�9L<mo�9J9]
�¸I m��9\�N * J9�f� u moIK�OJ9j�6O�FNoMO�fj�j�\
m Ê �9J9]¿�9Jf� \�N�J9\��fmo\�� * * J9�"+ E

· w + 1 = u & P �wn ∈ ∆0��IK\�j�\�N�¤SM vKv IGjkm��9\�N«MOJ9�f\�N�\ 	�N��9J9� < �9M)5�\�IKJ * * J9�"+ X[<gih v �B5��9N�\�If%gih9N�I mkX
mo\ u �Fj[mo\
m EY%moMlm�m

P �wn
IKj[m�J;�9J

Fx(n)
IKJ

∆∗

0

EY<�F�¦IGm \�Nk]F\���\�J �5MOj
��MO�<mo� v �F]FIK\ v \��¸�¸M`�9Jf� \�IKJ %moNk� u mo�9Nkj�gih v �B5
* y,+

k| �2l
0

∆, θu,∆
∗

0,¬Fx(n).s�\�J9�9\�J¿¢wIGN��9IK\ * J9�9� u m�IK�FJ9j26F�FN�MO�9jkj�\�m Ê �9Jf]¦�fJ9� �5Mlj * Jj6F\�N�j�IG�FJ9j v \�� X
� M1MO�fe * �,+�MOJ < j��1��\ u �F�¸�¦\�J�¢wIKN
* �#+

k| �2l+γ0

0
∆, θu,∆

∗

0, Nn





�9J9� < �5M
A

\�IKJ9\
L(X, Y )

X ¤5�FN��¦\ v IKjkm <
* �#+

k| �2l+γ0

0
∆, θu,∆

∗

0,A
N
w (Fx(·), n).

/��9j * y,+£�fJ9� * �#+³e$� v ]Om��¦IGm *
∧
+

k| �2l+γ1

0
∆, θu,∆

∗

0,A
N
w (Fx(·), n) ∧ ¬Fx(n),¢£�FN�MO�9jw¢wIKN��¦IGm * �#+��9J9��\�NkJ9\��<mo\�� *

∧
+

k| �2l+γ2

0
∆, θu,∆

∗

0, Nn ∧ A
N
w (Fx(·), n) ∧ ¬Fx(n)\�N�h9M v m�\�J�E�Z I mw\�IGJ9\�� *

∃
+ X�<gih v �B5¦e$� v ]Om

k| �2l+γ

0
∆, θu,∆

∗

0,¬∀x(Nx → (AN
w (Fx(·), x) → F )),

¢£\ v gih9\�j��5MOjw] v \�IGgih9\�¢wIK\
k| �2l+γ

0
∆, θu,∆

∗

0

IKjkm�E
*
Ωw+1

+�<\�I
f

\�IKJ��Y�FJ7mo\ �<m < j��1�5M)5
γ = f [Ωw+1]

IGjkm�E 	�\ v m�\ k|f [0]
0

∆,∆0, Rwn
�9J9�

k|f [δ]
0

Γ,∆,∆0 < e M vGv j δ < Ωw+1 < Γ ⊆ Posw

�fJ9�
k|δ

0
Γ, Rwn

]OI v m�E;�QM
γ < Ωu+1

IKjkm <e$� v ]Om_�¸I m �*\��¸�¸M b<EGD�� * �"+
w < u < IKJ9jk�?\�j��FJf�9\�Nk\

Rwn ∈ Posw ⊆ Posu

E�¤5\�NkJ9\�N
]FI v m¸�¸I m

Γ ∈ Posw

Ml�9gih
Γ ∈ Posu

E£��IK\ * J9�9� u m�IK�FJ9j26F�FN�MO�9jkj�\�m Ê �9Jf]ÆIKj[m¿jk�F�¸I m
MOJ7¢³\�J9�9�9MON < �9J9�¸\�j�e$� v ]Om

k| �2l+f [0]
0

∆, θu,∆
∗

0, Rwn
�9J9� < e M vKv j δ < Ωw+1 < Γ ⊆ Posw�9J9�

k|δ
0
Γ, Rwn

]FI v m < MO�9gih
k| �2l+f [δ]

0
Γ,∆, θu,∆

∗

0

ESZ�IGmw\�IGJ9\�� *
Ωw+1

+ X�<gih v �Ê51e$� v ]Om <�5M
2̂l + f

MO�9gih�\�IGJÈ�Y�FJ7mo\ �<mYIGjkm < �5MOjÀV�\�N v MOJ9]lmo\OE
* b£�<m�+�H�IKJ <gih9J9I m�m u MOJ9J�¢£\�]F\�J �9\�j u;v \�IKJ9\�J <gih9J9I m�moN�MOJ9]F\�jwJ9IKgih7m�6F�FN v IG\�]F\�J�E
*
�k

+���IK\�j�\�N�¤SM vGv IGjkmYMO�fe"]F�fm�H�J9] v IKjkgih�]O\�joMl]OmYjkmoN�MOIK]Oh;mke$�FNk¢£MONk��E
* �¥+£\
¢£\�IKj��9\�j JB-Ogih9jkm�\�J �*\��¸�¸MOj u �F�¸�`m��5MOj�j��%\���\�J¦��\�¢wIK\�j�\�J9\�<�9� v \��¦� M Ê �9�
H�IKJ9j�Mlm Ê E�sÇIKN ¢£\�N��9\�J¡\�j¸J;�9N¦e ° N

∆0 = {Run}
MlJ;¢³\�Jf�9\�J�E£��IK\ u �O�¸L v I Ê IK\�N[mo\�N�\¤5�FN���� v IG\�N��fJ9]��¸MOgih7mo\�\�j«� 3O] v IGgih < �?\�IB/�J7¢³\�J9�9�fJ9]`�f\�N * J9�9� u m�IK�FJfj�6F�ONoMO�9jkj�\
m Ê �fJ9]

Ru

IKJ��¸\�h9NwM v j�J%�fNY\�IKJ9\�Nw¤5�FN��¦\ v IGJ
Fx(·)

�9� Ê �7¢£MOJ9�9\ v J�E
��#<A�A�4 À �G¼

k| �2l+Ωu+1

0
θu,¬Run, Fx(n)

� ��� �����
<\�I

f
�9\�N��Y�FJ7mo\
�%m

2̂l + idu < ¢³�F��\�I
idu < ¢wIG\p6O�FN�hf\�N_�9\TU5JfIK\�N[m < �9IG\ * �f\�J7moI m�-lm`MO�fe

�9\�J»ÉQN��9IGJ5M vGÊ MOh v \�J¿IGjkm < �9IK\ u;v \�IKJf\�N��%�9\�Nw] v \�IKgih Ωu+1
j�IGJ9��ES��Mlgih * /Y�9b,+�]FI v m

k|f [0]
0
θu,¬Run, Fx(n), Run.

/��Ê5F\�Nk�9\�� Ê \�IK]lmo\��5MOjÀ6O�FN�h9\�N�]F\�h9\�Jf�9\ <�f� v \��¸�¸M < \�jw]FI v m Run ∈ Posu <
∀γ <Ωu+1∀∆⊆Posu(k|

γ

0
∆, Run =⇒ k|f [γ]

0
∆, θu, Fx(n)).





Z I m�\�IKJf\�� jkIK�¦L v \�J1%m�N�� u mo�fN�j�gih v �B5�e ° ]F\�J1¢wIGN«�9\�� v \
m Ê m�\�J1��\�I v �9IK\w¤5�FNk�¸\ v ¬Run��\�I <
∀γ <Ωu+1∀∆⊆Posu(k|

γ

0
∆, Run =⇒ k|f [γ]

0
∆, θu,¬Run, Fx(n)).

�QMO�¦IGm_h5Ml�?\�J ¢wIKN�J;�9J \
�fM u m��9IG\4V��ONoMO�9jkj�\
m Ê �fJ9]F\�J e ° N`�f\�J *
Ωu+1

+ X[%gih v �B5 < �9\�N
]F\�J5MO� MO�<e��9IG\�j�\�J Z �F�¦\�J7m`]F\�¢£MON[mo\�m�h5Mlm�E"��IK\�j_IKj[m��fIK\¸%mo\ vKv \ < e ° N_�9IK\1\�N_IKJ �9\�J
��M vKu;°9v MO�fe$]F\�J9�F�¦�¸\�J�¢w�fN��9\�hSH�IGJ9�¸M v MOJ9]O\�¢³\�J9�9\
m v IK\
e$\�Nkm�\�Nw�5MOj 	�\�¢ ° J9jkgih7mo\OE
��IG\�ÉQNk�9IKJ5M vKÊ Mlh v ι �9\TU9J9IK\�N�\�J�¢wIKNwM v j

ι := Ωp + . . .+ Ω1.

��IG\�¯�\�N v \�IGmo�fJ9]F\�J�IG� +£\
¢£\�IKj*�9\�j�e$� v ]F\�Jf�9\�J �½\��¦�¸MOj�]F\�j�gih9\�h9\�J�\�J7m v MlJ9]w�9\�N*��\�mkmo\

n̂+ ι�k n̂ + 1 + ι�k n̂ + 2 + ι�k . . .

��#<A�A�4 À �GÀ
������� � ��� �  
� � �� 
� ��� � � � � �,� %  A

�% �
GIDp

� ����� ���� �� � ��� ��� ��� ��
��� 
#�'�����
������� �'�'�)�� ��� � �� &���$
����� ��� � �����'� � ��� ����� ���,����� � ����� �����

l
�����$
��� � �#
��

k| �l+ι
0
AN

������ �
� ��� �����

· A ≡ Bx(0) ∧ ∀x(B → Bx(Sx)) → ∀xB
M * J9�9� u m�IK�FJfj�j�gihf\��¸M�O

<\�I
F :≡ BN �9J9�

l = |F |
E5¤ ° N

u = 0 v IG\�e$\�Nkm��9Jfj �½\��¸�¸M �fErp

k| �2l+Ω1

0
¬Fx(0),¬∀x(Nx → (F → Fx(Sx))),¬Nn, Fx(n)

e ° NwM vKv \ n E:n?¢³\�IK�¸M v * ∨ +��9J9��\�IKJf� M v * ∀ +�\�Nk]F\���\�J

k|
�
2l+3+Ω1

0
¬Fx(0),¬∀x(Nx → (F → Fx(Sx))), ∀x(Nx → F ).

V�IK\�N�¢³\�I mo\�N�\ *
∨
+ v MOjkj�\�J �9IG\�j Ê �

k|
�
2l+7+Ω1

0
Fx(0) ∧ ∀x(Nx → (F → Fx(Sx))) → ∀x(Nx → F )

¢³\�Nk�9\�J�E?Z I m *
�k

+£¢wIKN��
Ω1 Ê � ι E





· A ≡ ∀x(Av(P �v , x) → P �v x)
e ° N�\�IGJ

v
M
P � .1 O

<\�I
l = |AN

v (P �v , x)|
EÄn¨�9JÄ-Ogih9j[m v IK\
e$\�Nkm��9J9jw�5MOjw�"MO�fmo� v �F]FIG\ v \��¦� M

k| �2l
0
¬A

N
v (P �v , n),AN

v (P �v , n).

��MOgih * /Y�9b,+�]FI v m£e$\�N�J9\�N

k| �2l
0
¬Nn,Nn,

¢³�FNoMl�9jwj�IKgih��¦IGm *
∧
+

k|
�
2l+1

0
¬Nn,¬A

N
v (P �v , n), Nn ∧ A

N
v (P �v , n)

\�N�]FIG�fm E5��IK\�jwIGjkmw�9IG\8V��FNoMO�fj�j�\
m Ê �9J9]1e ° Nw\�IKJf\�J *
P �v

+ X�<gih v �B5Bh

k|
�
2l+4

0
¬Nn,¬A

N
v (P �v , n), P �v n

��h9J v IGgih Ê �9� 6O�FN�IG]F\�J�¤SM vGv \�Nk]F\���\�J�6%IK\�Nk� M v * ∨ +��9J9��\�IGJ9�¸M v * ∀ +

k|
�
2l+9

0
∀x(Nx → (AN

v (P �v , x) → P �v x)).
Z I m *

�k

+£\�Nk]j-OJ Ê \�J ¢wIGN�j�gih v IK\T5 v IGgih�\�IKJ
ι
E

· A ≡ ∀x(Av(Bx(·), x) → B) → ∀x(P �v x→ B)
e ° Nw\�IKJ

v < p− 1
M
P � .2 O

<\�I
F :≡ BN �9J9�

l = |F |
E¨��J9jk\�NR/��fj�]7MOJf]Fj�L9�fJ u m�IGjkm��5Mlj`H�Nk]F\��9JfIKj86F�OJ

�½\��¦�¸M �fEdp�e ° N
u = v + 1

E9¤ ° NYM vKv \ n ]FI v m

k| �2l+Ωu+1

0
θu,¬P �v n, Fx(n).

H�IKJ %m�N�� u m��9N�jkgih v �B5¸�?\�N�\�IGmo\
mw�9\�J���\�j�gihfN.-OJ u m�\�J +Q�5MOJ7m��FN#6F�FNTh

k| �2l+Ωu+1

0
θu,¬Nn,¬P �v n, Fx(n)

Z I mÀ6%IK\�Nk� M v * ∨ +��9J9��\�IGJ9�¸M v * ∀ +�\�N�]FIG�fmw�9IG\�j

k|
�
2l+5+Ωu+1

0
θu, ∀x(Nx → (P �v x→ F )),

¢³�FNoMl�9jw�¸I m Ê ¢³\�IG� M v * ∨ +��9J9� *
�k

+��fIK\q+£\�h5MO�9Lfm��9J9]1e$� v ]lm

k|
�
2l+7+ι

0
∀x(Nx → (AN

v (Fx(·), x) → F ))
→ ∀x(Nx → (P �v x→ F )).





· A ≡ ∀x0∀x1(P �<vx0x1 ↔ x0 < v ∧ P �x0
x1)

e ° N�\�IKJ
v

M
P � .3 O

sÇIGN���\�]FIGJ9J9\�J»�¦IGm��9\�N�\�N�j[mo\�J * �¦L v I u MlmoIG�FJ�E 	�\ v m�\ Ê �9JÄ-Ogih9j[m
j < v

E��QMOJfJ
]FI v m£J5MOgih * /Y�9b,+��9Jf� * /Y�?D +

k| �00 ¬P �j n, P �j n k| �00 ¬P �j n, j < v.Z I m *
∧
+³e$� v ]Om
k| �10 ¬P �j n, j < v ∧ P �j n,�9Jf��¢³\�]F\�J

j < v
�¦IGm *

¬P �
<

+
* D +

k| �20 ¬P �<vjn, j < v ∧ P �j n,¢³�FNoMl�9jwj�IKgih��¦IGm Ê ¢£\�IK�¸M v * ∨ +
* b,+

k| �40 P �<vjn→ j < v ∧ P �j n\�N�]FIG�fm EO��IK\�j�e$� v ]Om«MO�9gih¦j��Oe$�FN[m�e ° N
v ≤ j < �5M�IKJ �9IG\�j�\�� ¤SM vKv * D +�J5MOgih * /Y�?D +

]FI v m�E)n¨\�IK]F\�J�¢wIKN"J;�9J �9IK\ Ê ¢³\�IGm�\ * �¦L v I u M3moIK�OJ�E3<\�I%¢wIK\��9\�N Ê �9\�Nkjkm
j < v

E)/ v j��]FI v m£J5MOgih * /Y�9b,+
k| �00 ¬j < v,¬P �j n, P �j n,�9Jf� < �5M
j < v

IKj[m < �¦IGm *
P �

<

+�MO�9gih
* q#+

k| �10 ¬j < v,¬P �j n, P �<vjn.Z I mÀ6%IK\�Nk� M v * ∨ +£e$� v ]Om��5MOJfJ
* � +

k| �50 (j < v ∧ P �j n) → P �
<vjn.* � ¤SM vKv \ v ≤ j

e$� v ]Om * q,+wjk�Oe$�FNkm��¦IGm * /w�¨D + < �5M
¬j < v

\�IGJ9\`¢£MOh9Nk\,��N�IG�1X
e$�FNk�¸\ v IKj[m EY<�O�¸I m�]FI v m�MO�9gih * � + Ew¤ ° ]F\�J ¢wIGN�J%�fJ * b+ �9J9� * � +¿�¸I m *

∧
+

Ê �9joMO�¦�¦\�J <
k| �60 P �<vjn↔ (j < v ∧ P �j n),]F\��?\�J �¸I m�\�IKJ9\��a;moN�� u m��9N�jkgih v �Ê5_�fIK\w<gihfNoMOJ u \�J1e ° N«�9IG\ +Q�5MOJ7m��FN�\�J h9IKJ Ê � <
k| �60 ¬Nj,¬Nn, P �<vjn↔ (j < v ∧ P �j n),

6O\�N��fIKJ9�9\�J �9IG\��?\�IK�9\�J1h9IKJ7mo\�N�\�J ¤5�FNk�¸\ v J �¦IGm Ê ¢£\�IK�¸M v * ∨ +«�9J9�¦\�IGJ9�¸M v * ∀ + <
k| �90 ¬Nj, ∀x1(Nx1 → (P �

<vjx1 ↔ (j < v ∧ P �j x1))),�9Jf��¢wIK\��f\�N�hf� v \�J �5MOjfV�\�Nke MOh9Nk\�J <lÊ ¢³\�IG� M v * ∨ +"�fJ9� \�IGJ9� M v * ∀ + < jk��\�Nkh5M v m�\�J¢wIGN
k| �12

0
∀x0(Nx0 → ∀x1(Nx1 → (P �

<vx0x1 ↔ (x0 < v ∧ P �x0
x1)))).Z I mw\�IGJ9\���j�IK�¦L v \�J %moNk� u mo�9Nkj�gih v �B51e ° ]F\�J�¢wIKN��9MOj

ι
h9IGJ Ê �¨E





· ��IG\ ° �9NkIK]F\�J�/w�<IK�F�¦\86F�FJ
PA

e$� v ]O\�J�j�\�h9N v \�IGgih7m E
��IG\�¯Y\�N v \�I mo�9Jf]F\�J1�9\�j JB-Ogih9jkm�\�J �*\��¸�¸MOj06O\�N v MO�fe$\�J¸\�J;m v MOJf]_�f\�N�J5Mlm ° N v IKgih9\�J n�MOh<X
v \�J�E9sÇIKN£j�gih9Nk\�IK��\�J

Sn e ° N
n
X e MOgih

S
E

��#<A�A�4 À � +
* M,+

k|5n+4
0
Nn* ��+

k|5n
0
¬Ni,NSni

� ��� �����
* M,+ sÇIGN Ê \�IK]O\�J¡�9IG\ /��9j�j�MO]F\ �9�9N�gih * Jf�9� u moIG�FJÆJ5Mlgih

n
E �QM

0 = 0
\�IGJ9\�¢£MOh9Nk\

MONkIGmohf�¸\
moIKjkgih9\ ��N�IG�¦e$�FNk�¸\ v IGjkm < ]FI v m�J5MOgih * /w�?D +
k|0

0
0 = 0.Z I m *

∨
+£e$� v ]Om
k|1

0
0 = 0 ∨ (0 = S0 ∧N0),�9J9� * * Jf�"+�\�N�]OIK�fmw�5Ml�¸I m

k|4
0
N0,¢£MOj£�9\�J * J9�f� u moIK�OJ9joMOJ<e MOJ9]��9MON�j[mo\ vGv m�E;<\�I

m+1 = n
E;��Mlgih * J9�9� u m�IK�FJ9j26F�FN�MO�9jkj�\�m[X

Ê �fJ9]¸]OI v m
k|5m+4

0
Nm�9J9� < �5M

n = Sm
\�IKJ9\�¢£MOh9Nk\`MlN�IGm�h9�¦\�moIGj�gih9\ ��NkIK�1e$�FN��¦\ v IKj[m < J5Mlgih * /w�?D +

k|0
0
n = Sm.

V�\�Nk�9IKJf�9\�J�¢wIKN��9IG\�¤5�FN��¦\ v J��¸I m *
∧
+ <

k|5m+4+1
0

n = Sm ∧Nm,\�Nk]j-OJ Ê \�J n = 0
�¸I m *

∨
+ <

k|5m+4+2
0

n = 0 ∨ (n = Sm ∧Nm),j��1e$� v ]Om��¦IGm * * J9�"+
k|5m+4+5

0
Nn,�9J9��¢wIKN�jkIKJ9��¢³\�]F\�J

5m+ 4 + 5 = 5n+ 4
MO� n¨IG\ v E* ��+�sÇIG\��9\�N�e ° h9Nk\�J ¢wIGN�\�IGJ9\ * J9�9� u m�IK�FJ�J5MOgih
n

ES��MOgih * /Y�9b,+�]FI v m
k|0

0
¬Ni,Ni.��IG\�jwIKj[mw�9\�N * J9�9� u m�IK�FJfjoMOJfe MlJ9]9E5��\�N * J9�9� u moIG�FJ9jkj�gih v �B5 IGjkm�IG��¢³\�j�\�J7m v IGgih9\�J IK�9\�J<X

moIGj�gih��¸I m��9\�� 6F�FJ * M,+
E





��#<A�A�4 À �GÂ
k| l

0
Γ =⇒ k| �l

0
Γ

� ��� �����
��IG\4/��9j�j�MO]F\1e$� v ]lm��9�9Nkgih�\�IGJ9\1\�IGJfe MOgih9\ * J9�9� u m�IK�FJ J5MOgih

l
E*�QM

l
\�IGJ9\1J5Mlm ° N v IGgih9\

n�MOh v IKjkm <5u MOJ9J��9\�N v \�m Ê mo\`<gih v �B51J9IKgih7m *
Ωu+1

+£]F\
¢£\�j�\�J j�\�IKJ�E
<gih9Nk\�IG�?\�Jt¢wIKN

A[t1/y1, . . . , tm/ym] < jk� �¸\�IKJ9\�J ¢wIGN`�9IG\¿¤5�FNk�¸\ v�< �9IG\ Ml�9j
A

\�J7mkX
jkm�\�h7m < ¢³\�J9J�¢wIKN

y1, . . . , ym < �9MOjw� ° j�jk\�J ]F\�J5Ml���fIK\�e$N�\�IK\�J�V MONkI¶MO� v \�J 6F�FJ
A

j�\�IGJ <�9�9Nkgih �9IG\��"\�N��¦\
t1, . . . , tm

\�N�jk\�m Ê \�J¨E�<gihfN�\�IG�?\�J ¢wIGN
A[y1/y1, . . . , ym/ym] < jk�¸IGjkm

�5MOj�\�IKJ9\1MlJ9�9\�Nk\¸<gih9N�\�IK�7¢³\�IKjk\ e ° N
A < �fIK\ Ê �9j.-lm Ê�v IKgih Ê �9� /��9jk�9N��fg u �9N�IGJ9]Om < �5M)5

y1, . . . , ym

]F\�J9MO�¿�9IG\�e$N�\�IK\�JoV MON�IKMO� v \�J 6O�FJ
A

j�IGJ9��E<��IK\�j�\�%gih9N�\�IK�7¢£\�IKjk\_��\�J;�fm Ê \�J¢wIKN_MO�fgih�e ° N�\�J9� v IKgihf\ ¤5�FNk�¸\ v �¦\�J9]F\�J�E½�Y�Om ¢£\�J9�9IG]ÈIKj[m_j�IK\ < �9� �9\�J *
∃
+ X�¤SM vKv �9\�j

JÄ-Ogihfjkmo\�J �½\��¦� Mlj�\
�fM u m Ê ��e$�FN���� v IK\�N�\�J�E
��#<A�A�4 À �G¬ �����

` Γ[y1/y1, . . . , ym/ym]
���,����� � ����� �����

l
�����$
��� � �#
��

k| �l
0
¬Ni1, . . . ,¬Nim,Γ[i1/y1, . . . , im/ym]N

� ��� 
����� � 
� ������� � � ����� 
 � ����� i1, . . . , im ��������
� ��� �����
sÇIKN���\�¢³\�IGj�\�J��9IK\p/��fj�joMl]F\¸�f�9N�gih * Jf�9� u moIG�FJ J9MOgih��9\�N���\TU5J9I moIG�FJ 6O�FJ

` Γ
E�%\�I

�9\�N��?\�j�jk\�N�\�J �*\�j��5MlN u \�IGm£h5M v ��\�N
m = 1 < �9\�j[¢£\�IGmo\�N�\�J

y
�fIK\�\�IKJ Ê IK]F\we$N�\�IK\�V MON�IKMO� v \ <�9IG\�IKJ

Γ
MO�fenm�N�I m�m E

· * /Y� +
ES�QMljY�"MO�fm�� v �O]FIK\ v \��¦�¸M_�9Jf� \�IKJÈ%moNk� u mo�9Nkj�gih v �B5 v 3Fj�\�J��9IK\�j�\�JÈ¤SM vKv E
· *

∧
+ < * ∨ +
E * Jt�9IG\�j�\�� ¤SM vGv e$� v ]lm`�fIK\o+³\�h5MO�fLfmo�9Jf] �9IKNk\ u m Ml�9j��9\�N * J9�9� u m�I X

�FJfj�6F�ONoMO�9jkj�\
m Ê �fJ9]9E?H�6O\�J7mo�f\ vKv IGjkmw�5MO��\�I½\�IKJ %m�N�� u mo�fN�j�gih v �B5¦\�N[e$�FN��9\�N v IKgih�E
· *

∀
+
E 	�\ v mo\ ` Γ, A < ¢£�O�?\�I

x
JfIKgih7m�e$N�\�I�IKJ

Γ
\�N�j�gihf\�IKJ7m < MOJ9�9\�N�\�j�]O\�j�gihfN�IK\��?\�J

¢¨-ON�\��5Mlj
` Γ[y/y], A[y/y, x/x]

E%��MOgih * J9�f� u moIK�OJ9j�6O�FNoMO�fj�j�\
m Ê �9J9]¿\ �fIGjkm�IK\�N[m
\�IKJ

l < j��¦�5M)5 e ° NwM vGv \ i �9J9�
n

k| �l
0
¬Ni,¬Nn,Γ[i/y]N , A[i/y, n/x]N

]FI v m�E9Z I m *
∨
+��9J9� *

∀
+�\�Nk]FIK�<m��5MOj�¢³\�]F\�J

∀xA ∈ Γ

k|
�
l+2
0
¬Ni,Γ[i/y]N .

· *
∃
+
E�<\�I

y
�9IG\�e$N�\�IG\8V MON�IKMO� v \�IKJ

Γ
�9J9��]F\ v mo\

* D +
` Γ, Ax(t),

jk�c¢wIG\
∃xA ∈ Γ

E9sÇIKN��9J7mo\�N�jkgih9\�IG�9\�J �9N�\�I"¤f- vKv \)h
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X

J;�fm Ê \�J47k\
¢£\�I v jY�fIK\����ON�N�\ u moh9\�IGmY�9\�N 	�N��9Jf�9j�gih vG° j�jk\OE¨<\�I
i�k j

�¸I m
k| i

0
Γ, Ax(n)

E
��Mlgih * J9�f� u moIK�OJ9j�6O�FNoMO�fj�j�\
m Ê �9J9]¿]FI v m |= Γ ∪ {Ax(n)}(i)

EÄ/��9j
|= {Ax(n)}(i)

e$� v ]Om
|= {∃xA}(i)

E�/ v j��Á\�Nk]FIK�fm1jkIKgih IKJ�7k\��f\�� ¤SM vGv |= Γ(i)
E��QM

N
IKJ

Γ
J;�9N1L��Fj�I moIP6

MO�fenm�N�\
mo\�J��5MON[e < e$� v ]lm |= Γ(j)
¢³\�]O\�J

i < j
E





* * Jf�"+
E*�QM
Γ ⊆ Pos0

IGjkm <�u MOJ9JÁJ9IKgih7m *
P �v

+Y6F�FN v IK\�]F\�J¨E?sÇIKN��?\
moNoMlgih;m�\�J M v jk� * � +
E
<\�I

i�k j < IKJ9jk�?\�j��FJf�9\�Nk\ M v j�� i < j
E½��M��¦IGm

|= {n = 0 ∨ (n = Sm ∧ Nm)}(i)j�gihf�FJ
|= {Nn}(j)

]FI v m < e$� v ]Om��fIK\G+£\�h9MO�9Lfm��9J9]_�¸I m��9\�N * J9�9� u m�IK�FJfj�6F�ONoMO�9jkj�\
m Ê �fJ9]9E
* b£�<m�+
E;H�IGJ¿<gihfJ9IGmkm u MlJ9J Ml�fe$]FN��fJ9�1�9\�j ° ��\�NoMl�9j u%v \�IGJ9\�J <gih9J9I m�m�NoMOJ9]O\�j�J9IKgih7m�6O�FN[X
v IG\�]F\�J�E
*
Ωu+1

+ E��QM
j

\�IGJ9\�J5Mlm ° N v IKgih9\�n�MOh v IKjkm < ]FIG�fm \�j u \�IKJ9\�JÆ�Y�FJ7mo\ �<m
f

�9\�NoMON[m < �5M)5
j = f [Ωu+1]

IGjkm EÊ/ v jk�1IKjkmYMl�9gih �fIK\�jk\�NY¤SM vKv J9IKgih7mY�43F] v IGgih�E
*
�k

+
E�<\�I
i�k j

E��QMOJ9J ]FI v m�J5MOgih * J9�9� u moIG�FJ9j26F�FN�MO�9j�jk\�m Ê �9J9]
|= Γ(i)

E��QM
N

IKJ
ΓJ;�9NwL?�Oj�IGm�IP6¿MO�fenmoNk\�m�\�J��5MONke < e$� v ]Om

|= Γ(j)
¢³\�]F\�J

i < j
E

B�8*#;}S03#%A + �GÀ ����� �����
Π0

2 	 ��
� � ∀x∃yΦ(x, y)
���

GIDp � ����������� ��
�'����
��� ������ �� 
�"� 
� �#
� � &%'�������)(
* M,+

∃l∀m> l∃n<G0(D0(D
m
p (Dm

p 0 + ι) + 1)) Φ(m,n)

* ��+
∃l∀m∃n<Gm(D0(D

l
p(D

l
p0 + ι) + 1)) Φ(m,n)

� ��� �����
�*MO�fm�H�IKJ;��\�m�m��9J9]Fj v \��¸�¸M �fE D(��\
�<IKj[moIG\�NkmY\�IKJ

l0
�9\�N�MONkm < �5M)51e ° NwM vGv \ k

k|
D

l0
p 0+ι

l0
∀x(Nx → ∃y(Ny ∧ Φ(x, y)N))

]FI v m E;��MOj * Jj6F\�N�jkIK�FJ9j v \��¸�¸M�p%Edb v 3Fj[m£�9\�Jo/ vGv �;�5MOJ7m��FN MO�fe�EÁ/ v j���]OI v m�e ° N�M vGv \ m �9J9�
M vGv \ k

k|
D

l0
p 0+ι

l0
Nm → ∃y(Ny ∧ Φ(m, y)N)

�9J9��\�jwe$� v ]Om��9�9Nkgih
∨

X * JÁ6O\�Nkj�IK�OJ

k|
D

l0
p 0+ι

l0
¬Nm, ∃y(Ny ∧ Φ(m, y)N).

���9Nkgih
l0

X e MOgih9\�j�/�J7¢£\�J9�9\�JÈ�9\�j�H v IK�¦IKJ5Mlm�IK�FJfj v \��¸�¸MOj�IGjkm��9IG\�¯�\�N v \�IGm��9J9] j�gihfJ9IGmkmkX
e$N�\�I <
* D +

k|
D

l0
p (D

l0
p 0+ι)

0
¬Nm, ∃y(Ny ∧ Φ(m, y)N).

��� j�IKgih�J;�9J��9\�NY¤5�FN��¦\ v ¬Nm Ê � \�J;m v \��9IK]F\�J < ]FIG�fm�\�j Ê ¢£\�I�Z�3F] v IGgih u \�IGm�\�Jih
* M,+�<\�I

l := l0
E9��MOgih �½\��¦� M¦y<E � * M,+³]FI v m

* b+
0|

Dm−1
p (Dm−1

p 0+ι)+1

0
Nm,





�9J9�~e ° N M vKv \ m > l
J5MOgih * D + < ]O\�]F\��?\�J9\�Jfe M vKv j¦J5MOgih;/�J7¢£\�J9�9�9Jf] �9\�j �*\��¸�¸MOj

y<E D * g +��9J9� *
�k

+ < MO�fgih

0|
Dm−1

p (Dm−1
p 0+ι)

0
¬Nm, ∃y(Ny ∧ Φ(m, y)N).

Z I m��9\��x�Y\��9� u moIG�FJ9j v \��¦�¸M��fJ9� �½\��¦� M y<E D * \ +Q\�N�h9M v m�\�J ¢wIGN��5MOJ9J Ê �9joMl�¸�¦\�J
�¦IGm * b,+£�9J9� *

�k

+³e ° NwM vKv \ m > l

0|
Dm

p (Dm
p 0+ι)+1

0
∃y(Ny ∧ Φ(m, y)N).

�QM
∃y(Ny ∧ Φ(m, y)N)

\�IGJ�¤S�ON��¦\ v MO�fj
Pos0

IGjkm < e$� v ]Om��¸I m��9\�� ��� vGv MO�9IG\�Nk�9J9]Fj�X
v \��¸�¸M * M,+³e ° NwM vKv \ m > l

0|
D0(Dm

p (Dm
p 0+ι)+1)

0
∃y(Ny ∧ Φ(m, y)N)

�9J9���5MOJfJ �¦IGmw�Y� vKv MO�9IG\�N��fJ9]Fj v \��¦� M * ��+�e ° NwM vKv \ m > l

0|
G0(D0(Dm

p (Dm
p 0+ι)+1))

0
∃y(Ny ∧ Φ(m, y)N).

�QM��fIK\�h9\�Nk]F\ v \�I mo\�m�\È¤5�FNk�¸\ v IKJ
Pos0

IGjkm <�v IK\
e$\�Nkm¦�5Mlj¦s�MOh9Nkh9\�I moj v \��¦� M»�9IG\�+³\
X
h5MO�fLfmo�9Jf]9E
* ��+w��MOgih �*\��¸�¸M1y<E � * ��+£]FI v m

m|
D

l0
p (D

l0
p 0+ι)+1

0
Nm.

<\�I
l := l0 + 1

E5Z I m��9\�� �w\��9� u m�IK�FJfj v \��¸�¸M`�fJ9� �*\��¸�¸M�y%EGD * \ + e$� v ]Om Ê �9j�MO�¸�¦\�J
�¦IGm * D +£�9J9� *

�k

+

m|
Dl

p(Dl
p0+ι)+1

0
∃y(Ny ∧ Φ(m, y)N).

��\�I v * M#+Q�9\�j���� vGv MO�9IG\�Nk�9J9]Fj v \��¦�¸MOj v IK\�e$\�Nkm < �5M
∃y(Ny ∧ Φ(m, y)N)

\�IKJf\ ¤5�FNk�¸\ vMO�9j
Pos0

IKj[m <
m|

D0(Dl
p(Dl

p0+ι)+1)

0
∃y(Ny ∧ Φ(m, y)N)

�9J9����\�I v * �"+£�9\�j��Y� vKv MO�9IK\�N��9Jf]Fj v \��¦� MOj

m|
Gm(D0(Dl

p(Dl
p0+ι)+1))

0
∃y(Ny ∧ Φ(m, y)N).

�QM �9IG\ h9\�N�]F\ v \�IGmo\
mo\ ¤S�ON��¦\ v IKJ
Pos0

IKjkm < \�N�NkIKJ9]lm��5MOj`stMOhfN�h9\�IGmoj v \��¸�¸M��fIK\o+³\
X
h5MO�fLfmo�9Jf]9E
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